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Motivations

Observation and modeling of the acoustic
response of Earth's atmosphere to
geo-physical events (earthquake, volcano
eruption, meteorit), as well as environmental
(lightning) and anthropogenic noise
(explosion, supersonic motion)

frequency 0:05 � f � 20 Hz
wavelength 7 km � � � 7 m

Rapid characterisation of the source, but
also of the atmosphere when the source is
well identi�ed (Sabatini et al. , J. Fluid Mech., 2019)

Some sources of infrasound
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Motivations

Noise of wind turbine farms (in�uence of the wind turbine wak e, the atmos-
pheric boundary layer, the topography)

frequency 100 � f � 1000 Hz
wavelength 3:5 m � � � 0:35 m

(Colas et al. , AIAA Paper 2022-2923)
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Motivations

Aeroacoustics of new engine architectures in
aeronautics (ARENA industrial chair, French National Research

Agency & Safran Aircraft Engines)

more integrated con�gurations inducing
strong installation e � ects

pressure footprint of engine noise on the
fuselage, beneath a turbulent boundary layer
and mean �ow distorsions (vibroacoustics)

frequency 20 Hz � f � 20 kHz

sketch of UHBR engine

open-fan RISE engine (Safran & GE,
20% lower fuel consumption and
CO2 emissions)
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Linearized Euler's equations

Acoustics as a linear approximation to compressible Euler's Eqs : linearization
around a non-homogeneous steady mean or base �ow �eld � 0(x), T0(x), u0(x)

Gouverning non-linear equations symbolically written as
L(� 0 + �;p 0 + p;u0 + u) = 0, and the mean �ow �eld satis�es
L (� 0;p0;u0) = 0

Linearized Euler equations obtained by dropping non-linea r terms
L 0(�;p; u) = 0

Solutions of L 0(�;p; u) = 0 are not only acoustic waves, but also entropy waves,
inertial gravity waves and hydrodynamic instability waves coupled with acoustics

Di� cult to solve numerically : exponential growth of these wave s that
�nally overwhelm the solution

Philosophically, the contribution of these waves is alread y taken into
account in the base �ow (and the source terms) : sound generation
process and its propagation over a base �ow should be address ed
separately
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Aim of this work

Is it possible to write a wave equation for the propagation of sound in �ow that
should satisfy the following properties?

Be a good approximation of linearized Euler equations in �ow

Only contains the acoustic solution, and consequently pres erve
acoustic energy, by construction

{ need to introduce some conceptual tools
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Reciprocity principle

Symmetry in wave transmission between two points in space

Hermann von Helmholtz
(1821–1894)

Theorie der Luftschwingungen in Röhren mit o � enen Enden, in
Journal für die reine und angewandte Mathematik , 57 (1860)

3) In a space partially bounded by rigid walls and open elsewh ere, if a sound is generated at point
A then the velocity potential at another point B is equal to that at point A if the same sound
excitation had occurred at point B.
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Reciprocity principle

With a uniform medium at rest,
harmonic solution of point sources at xs and xm

xs

xm xm

xs

L 0 � = @tt � � c2
0r 2� L 0 G = � xs

� ts
{ Gxs;ts(xm; tm)

L 0 G = � xm
� � tm

{ Gxm;� tm
(xs;� ts) (� for causality)
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Reciprocity principle

With a uniform medium at velocity u0

u0

xs

xm

u0

xm

xs

L 0 � = D2
0 � � c2

0r 2� D0� = @t � + u0 � r �
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Reciprocity principle

With a uniform medium at velocity u0

u0

xs

xm

� u0

xm

xs

L �
0 � = D2

0� � � c2
0r 2� D0� � = @t � � u0 � r �
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Reciprocity principle

This principle – just by reversing the �ow direction – is unfortunately no more
valid for a non-uniform mean �ow u0(x)

u0

(V)

xs

xm

� u0

(V)

xs

xm

The adjoint method is the proper generalization of the reciprocity principle w hen
considering acoustic propagation in arbitrary mean �ow

formulation

link with the Flow Reversal Theorem (FRT)

numerical illustration in aeroacoustics
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Adjoint method

Given a linear operator L 0 with L 0 p = s (no boundary terms to simplify, not an
issue) and a scalar product < ; >, there is a unique L y

0 adjoint operator, such that
for any adjoint �eld py

< py;L 0p > = < L y
0py;p >

By introducing the adjoint source sy = L y
0 py, Lagrange's identity (1781) is recast as

< py;s >= < sy;p >

Joseph Louis Lagrange
(1736–1813)

Lazarus Fuchs
(1833–1902)
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Adjoint method : the representation theorem

The direct problem

Gxs;ts(x; t) Green's function

L 0Gxs;ts(x; t) = � xs
� ts

L 0 p(x; t) = s

=) p(x; t) = Gxs;ts � s

The adjoint problem

Using < py;s >= < sy;p > applied to ad-
joint Green's function py = Gy

xm;tm

< Gy
xm;tm;s >= < � xm

� tm
; p >

=) p(xm; tm) = < Gy
xm;tm;s >

u0

(V)

xs; ts

xm; tm

u0

(V)

xs; ts

xm; tm

14 LMFAUMR5509 C. Bailly & É. Spieser -CFM 2022 Nantes| 02-09-2022



Adjoint method : the reciprocity principle

Using again < py;s >= < sy;p > with now py = Gy
xm;tm and p = Gxs;ts

=) Gy
xm;tm(xs; ts) = Gxs;ts(xm; tm)

Issue with causality
Gxs;ts(xm; tm) = 0 for tm < ts,

but the adjoint problem is anticausal : Gy
xm;tm(xs; ts) = 0 for tm < ts, i.e. the

source acts as a sink, waves move toward the source as time adv ances

No self-adjoint formulation can exist for time-dependent p roblems!

The de�nition of a self-adjoint problem is usually relaxed, with

Gy
xm;tm(xs; ts) = Gxs;� ts

(xm;� tm) L y
0 = �L 0

L 0 � = @t � + u0 � r � L y
0 = �L 0 (antisymmetric)

L 0 � = (1=c20)@2
tt � � r 2� L y

0 = L 0 (symmetric)
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Lilley's equation

We consider a parallel shear �ow along e1 with u0 = u0e1 and u0, � 0 varying along
x1? , no buoyancy force. Lilley's equation (1972) is known to exactly take into
account the propagation e � ects for a sheared and strati�ed mean �ow,
that is Lilley's Eq. = linearized Euler's Eqs.

By denoting D0� = @t � + u0 � r � the material derivative along the mean �ow

L 0 � = D0

h
D2

0 � � r � (c2
0r � )

i
+ 2c2

0r u0 � r

 
@�
@x1

!

L y
0 � y = � D0

h
D2

0 � y � r � (c2
0r � y)

i
+ 4c2

0r u0 � r

 
@� y

@x1

!

+3r �
�
c2

0r u0

� @� y

@x1

L 0 , L y
0 is not self-adjoint, the reciprocity principle cannot be

applied to compute the adjoint

Sir Geo� rey Lilley
(1919–2015)
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Lilley's equation : solution to the direct problem

4th CAA workshop (Dahl, NASA-TR, 2004)

M j = 0:756, Tj = 600 K, St2� = 0:60
L 0 p = sLilley, quadrupole source term from LEE (Bailly et al. , 2010)

In-house solver in Fourier space

Pressure �eld < (p)
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Lilley's equation : solution to the adjoint problem

L y
0Gy

xm
= � xm

with xm=� = (0;9)

Real part of Gy
xm

(x; ! )

with xm=� = (25;9)
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Lilley's equation : solution to the adjoint problem

At a given observer point xm, the solution is computed from the representation
theorem (simple scalar product with the source term, ? complexe conjugate)

p(xm; ! ) = < Gy
xm

;sLilley >=
Z

V
dx Gy?

xm
(x; ! ) sLilley(x; ! )

Direct problem < (p), = (p) (x2=� = 9)
Reconstruction from adjoint formulation � < (p), + = (p)
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Lilley's equation : reversing the �ow

The solution is now computed considering the FRT as p(xm; ! ) = < G� ?
xm

(x; ! );sLilley >

where L �
0G�

xm
= � xm

and L �
0 is L 0 by reversing the �ow u0 ! � u0

Direct problem < (p), = (p) (x2=� = 9)
Reconstruction by reversing the �ow � < (p), + = (p)

=) G� ?
xm

(xs; ! ) , Gy
xm

(xs; ! )

as expected here (L 0 is not a self-adjoint operator)
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Connection with the Flow Reversal Theorem

Lyamshev (Dokl. Akad. Nauk, 1961), Howe (J. Fluid Mech., 1975), Godin (Wave Motion, 1997),

Möhring (J. Fluid Mech., 2001)

FRT and adjoint are fully equivalent for self-adjoint opera tors
Gxs;ts(xm; tm) = Gy

xm;tm(xs; ts) = G�
xm;� tm

(xs;� ts)

An energy conservating law can then be derived for the acoust ic �eld.
The development of Kelvin-Helmholtz's instability waves i n
aeroacoustics or of internal gravity waves for infrasound p ropagation
for example is prevented.

Lilley's equation and linearized Euler's equations are not self-adjoint
wave operators, even for the most academic non-uniform base d �ow.

We now look for a self-adjoint operator, which would reasona bly
approximate linearized Euler's eqs
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Self-adjoint wave equations

Lilley's equation for pressure

L 0 � = D0

h
D2

0 � � r � (c2
0r � )

i
+ 2c2

0r u0 � r

 
@�
@x1

!

L y
0 , L 0

Convected Helmholtz equation for pressure with a variable i ndex of
refraction, low Mach number approximation
Bergmann (J. Acoust. Am. Soc., 1946), Phillips (J. Fluid Mech., 1960)

L 0 � = D2
0 � � r � (c2

0r � ) L y
0 = L 0

Many other contributions in the literature :

Dowling, Ffowcs-Williams & Goldstein (Phil. Trans. Roy. Soc. Lond., 1978)
Möhring (J. Fluid Mech., 2001)
Bogey et al. (AIAA J., 2002)
Ewert & Schröder (J. Comput. Phys., 2003)

After re-examining this problem recently, one formulation stood out in
terms of accuracy and stability for propagation in �ow
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Pierce's wave equation

From work initiated by Blokhintsev (J. Acoust. Soc. Am., 1946) and Bergmann (J. Acoust.

Soc. Am., 1946), and continued by Pierce (J. Acoust. Soc. Am., 1990) among others, in
the framework of linearized Euler's equations including gr avity

Self-adjoint wave equation :

L 0 � = D2
0 � � r � (c2

0r � ) + (r � u0)D0� L 0 � = 0

u = (p0=�0)r � p = � p0D0�
(arbitrary compressible base �ow)

For a parallel mean �ow, r � u0 = 0 and r p0 = 0
(Spieser & Bailly, J. Fluid Mech., 2020)

Allan Pierce
(ASA Meeting, 2005)

Dmitrii Blokhintsev
(1908-1979)
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Pierce's wave equation

Direct problem < (p), = (p) (x2=� = 9)

Reconstruction from adjoint formulation � < (p), + = (p)
� (xm; ! ) = < Gy

xm
;sPierce > and p rebuilt using p = � D0�

(HF approximation : some di� erences in the shadow zone only)

� � � � � � p(x; ! ) Lilley

Because the operator is self-adjoint, its adjoint �eld can b e computed by the FRT
L �

0 G�
xm

(x; ! ) = � xm
Gy

xm
(x; ! ) = G� ?

xm
(x; ! )
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Pierce's wave equation in comics

Taï-Marc Le Thanh & Joëlle Dreidemy, Ma vie avec Charlotte , Éditions Sarbacane (24-08-2022)
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Pierce's wave equation in comics
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Mixing noise modeling

A simpli�ed model of mixing noise (Tam &

Auriault, AIAA J., 1999) revisited in this framework

� 0 u 
 u ' qsI qs � turbulent kinetic energy

Lin. Euler's Eqs.

8
>><
>>:

� 0D0u + r p = �r qs

D0p + 
p 0r � u = 0

leading for Pierce's Eq. to L 0 � = � D0qs

The scalar product between the volume source
term V and adjoint Green's function Gy

xm
= G� ?

xm

is performed outside of the acoustic solver : of
interest in aeroacoustics, when the number of
microphones xm is small with respect to the
“number of sources” xs 2 V

u0

(V)
xm

xs

� (xm; ! ) =
Z

V
dxs G�

xm
(xs; ! ) s(xs; ! )

s= � D0qs

u0

(V)
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Mixing noise modeling

Acoustic power spectral density Spp

Spp(xm; ! ) =
Z +1

�1
d� p(xm;� ) p(xm;� + � ) ei!� (p = � D0� )

A rather clever development is required to preserve the sepa ration
between propagation and source terms (Spieser et al. , J. Sound Vib., 2022)

Spp(xm; ! ) =
Z

V
dxs ST (u0; ls; � s;M f ; ! )

���Gy
xm

(xs; ! )
���
2

The expression of the intercorrelation of the source term is a key point,

RQQ(xs;r ; � ) = D0qsjxs;�
D0qsjxs+r ;� +� =

� 2
0k2

t

� 2
s

exp

"

�
jr � u0j

u2
0� s

�
ln(2)

l 2
s

(r � � u0)
2

#

ls a transverse integral length scale of turbulence

� s life time of turbulence ( � s = ls=urms , ls=u0)

kt = (3=2)u2
rms
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Mixing noise modeling

Isothermal subsonic round jet at Mach
M j = 0:9 and Re= 105

Mean �ow �eld and turbulence
statistics obtained from a large-eddy
simulation (Bogey, IJA, 2018)

Actran TM's hijacking, from Möhring's
Eq. written for the �uctuating
stagnation enthalpy to Pierce's Eq. by a
change of variable

xm = (rm; � m) with rm=Dj = 52

St = f D=uj = 0:3

x � z plane

� xm

)
� m

z

x

y

Mach number M0(x)

Intrinsic source term ST
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Mixing noise modeling

� m = 30�

< (Gy
xm

)

jGy
xm

j

ST jGy
xm

j2

� m = 90�

< (Gy
xm

)

jGy
xm

j

ST jGy
xm

j2

The jet �ow is a wave guide in both cases. For � m = 90� , the main source originates
from the shear-layer area masked by the jet ...
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Concluding remarks

Flow Reversal Theorem :a smart way to compute adjoint Green's function,
for self-adjoint problems only (implementation of anti-ca usal boundary
conditions is bypassed), but cannot be applied to linearize d Euler Eqs.

Pierce's wave equation has been selected as a good compromise :
self-adjoint and thus intrinsically stable for any based �o w, energy
conservation, possible to implement in existing FE solvers , good
approximation of the exact (not self-adjoint) problem.

Application to mixing noise modeling including installati on e� ects (in
progress)
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Not discussed : expression of the source terms

Linearized Euler's Equations (LEE) for a strati�ed mean �ow (Lilley,
u0 = u0e1)

8
>>>><
>>>>:

D0� + r � (� 0u) = 0
D0(� 0u) + � 0u � r u0 + r p = � 0Su

D0p + 
p 0r � u = Sp

Lilley

sLilley = D0

h
D0(Sp) � 
p 0r � Su

i
+ 2
p 0r u0 �

@Su

@x1

Pierce

sPierce = D0(Sm) � Sp r 2Sm = r � (� 0Su)
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Not discussed : solving Lilley's equation in the frequency d omain

Fourier transform

f (x; ! ) �
Z 1

�1
dt f (x; t)e+i!t D0� = � i! � + u0 � r �

In-house solver in Fourier space (É. Spieser)

MATLAB environment with UMFPACK solver

Bogey & Bailly (2004), Berland et al. (2007) for space discretization

PML boundary condition by Hu (2008)

Anti-radiating boundary conditions py(� ! ) = py?
(! ) since py 2 IR (numerical trick :

classical radiated boundary conditions can be used by chang ing ! into � ! in the solved
linear problem)

? complexe conjugate

For a self-adjoint operator, Gy
xm

(xs; ! ) = G� ?
xm

(xs; ! )
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Not discussed : Lilley's equation : reversing the �ow

G� ?
xm

(x; ! ) with xm=� = (0;9) G� ?
xm

(x; ! ) with xm=� = (25;9)

Gy
xm

(x; ! ) Gy
xm

(x; ! )
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Not discussed : Pierce's wave equation

L 0 � = sPierce

(with an appropriate expression
of the source term)

< (p) with p provided by
p = � D0�

Direct problem < (p), = (p)
(along the line x2=� = 9)

� � � � � � p(x; ! ) Lilley

Behaviour of a high frequency
approximation : some di � erences in
the shadow zone only
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Not discussed : mixing noise model

Expression of the far-�eld acoustic spectra Spp for a round jet, for an
observer at xm = (rm; � m) (Spieser, Bogey & Bailly, 2022, J. Sound Vib.)

Spp(� m; ! ) =
Z



dxs � 0 (� 0kt)

2 ! 2l 3
s

� s
Cf

���� y
rm;� m

(xs; ! )
���
2 exp

"
� ! 2l2s

4ln(2)u2
0
(1+M 2

1 sin2 � m)
#

1+! 2� 2
s (1� M1 cos� m)2

M1 = u0(x)=c1

M f = uf =c1 �ight Mach number (ambient medium velocity uf > 0, Spp

expressed in the aircraft frame)

Cf =

 

1 +
M f cos� m

1 + M f cos� m

! 2

� 0 = 2

 
�

ln(2)

! 3=2
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Not discussed : mixing noise model

Validation of the model for � m = 90� and � m = 60�

(isothermal round jet at Mach M = 0:9)

�� �� �� �� �� � �� �
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��

���

���

���

���

�	�

�
�

�
�
���

���
��

measurements (Pprime)

model using Actran TM for the adjoint computation

model with analytical free space Green's function (without mean �ow e � ects on
sound propagation)
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Not discussed : mixing noise model

Limitations of the current model
(isothermal round jet at Mach M = 0:9)

Acoustic spectra for � m = 30� Distribution of the SPL as a function of the
observer angle � m
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