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¥Les Žcoulements rŽactifs sont omniprŽsents :
! Environnement :
¥ chimie de lÕatmosph•re, 

¥ Žmissions polluantes, 

¥ incendiesÉ

! Production dÕŽnergie (combustion)
! ProcŽdŽs de transformation (industrie, chimie) 

Contexte



AERO/HYDRO-DYNAMICS

THERMODYNAMICS

CHEMISTRY

Reactive flows
Large and small scale mixing 
bring reactants into contact
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Reactive ßows are multi-scale and multi-physics

Largest scale 
vortices

cm & second

Thin reaction zones
Thermal thickness: 100 µm
Radical species thickness: 5 or 10 µm
Characteristic time: 1 µs < t < 100 µs

A few meters

Length-scale ratio: 106

Time-scale ratio: 106

Smallest scale vortices
10 µm

meter

It is even worse in reactive flows 
featuring high Schmidt numbers

M. Leer, M. W. A. Pettit, J. T. Lipkowicz, P. Domingo, 
L. Vervisch, A. M. Kempf (2022) A conservative 
Euler-Lagrange decomposition principle for the 
solution of multi-scale ßow problems at high Schmidt 
or Prandtl numbers, J. Comput. Phys. 464: 111216.



¥ Le mŽcanicien dans tout cela ?
! Un exemple o• la manipulation dÕEDP permet dÕŽlucider des observations 

expŽrimentales rŽcentes sur la relation entre lÕŽpaisseur dÕun front de rŽaction et sa 
vitesse de propagation.

¥ Simulation de la dynamique dÕune population de particules 
non-inertielles dans un Žcoulement rŽactif :

! MŽthode dÕordre ŽlevŽe pour rŽsoudre des Žquations de bilan de population.

¥RŽseaux de neurones pour rŽduire le temps CPU :
! Entrainement de rŽseaux de neurones pour coupler Žquation de bilan de population et 

Žcoulement.

¥ Application au dŽveloppement dÕun contr™le temps rŽel de 
procŽdŽ :

! DeNOx sŽlective non-catalytique, du super-calculateur au smartphone.

LÕexposŽ dÕaujourdÕhui : 

surface leading 
to burnt gases 

pocket

Pocket 
burning

Large scale 
wrinkling

Small scale 
wrinkling

PSD !
Number density 
over M sections
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H = 0.80 cm
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 1  10

H = 0.80 cm

<latexit sha1_base64="aY65/Hh7+tlbSvwd/a3xbP1FwHg=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp0IamXAxjKC+ZDkCHt7e8mSvb1zd04IIX/CxkIRW/+OnZ0/xc0lhSY+GHi8N8PMvCCVwqDrfjlLyyura+uFjeLm1vbObmlvv2GSTDNeZ4lMdCughkuheB0FSt5KNadxIHkzGFxP/OYj10Yk6g6HKfdj2lMiEoyilVqdkEukBLulsltxc5BF4s1I+eobctS6pc9OmLAs5gqZpMa0PTdFf0Q1Cib5uNjJDE8pG9Aeb1uqaMyNP8rvHZNjq4QkSrQthSRXf0+MaGzMMA5sZ0yxb+a9ifif184wuvBHQqUZcsWmi6JMEkzI5HkSCs0ZyqEllGlhbyWsTzVlaCMq2hC8+ZcXSeO04p1VLm/dcvV+mgYU4BCO4AQ8OIcq3EAN6sBAwhO8wKvz4Dw7b877tHXJmc0cwB84Hz9PopEC</latexit><latexit sha1_base64="TCJFa7eakNV+7tt0hF08n9GI0PE="></latexit> <latexit sha1_base64="QeTQK+9A3kbx9+ELpf/VlKutkiw="></latexit> <latexit sha1_base64="jqYFxyYiLKmxqOZMSZ0TL3mS6RQ="></latexit>

60 neurons

keep in mind 5 previous time steps



¥Partie 1 : Manipulation dÕŽquations de bilan pour tenter 
dÕŽlucider la dŽviation observŽe entre la vitesse dÕun 
front rŽactif turbulent et lÕamplitude de son plissement



7

[kgás! 1]

<latexit sha1_base64="U165i/qnNBDtfMfI2aIk78hB+O4=">AAAB8XicbVDLSgNBEOyNrxhfUU/iZTAInsKuBvQY8OLBQ8S8NFnC7GQ2GTI7s8zMCmHJX3jxoIhX/8MP8Cb4E/6Bk8dBowUNRVU33V1BzJk2rvvhZBYWl5ZXsqu5tfWNza389k5dy0QRWiOSS9UMsKacCVozzHDajBXFUcBpIxicj/3GHVWaSVE1w5j6Ee4JFjKCjZVu26ovOxJddy47+YJbdCdAf4k3I4XyydfbXrX7Wenk39tdSZKICkM41rrlubHxU6wMI5yOcu1E0xiTAe7RlqUCR1T76eTiETq0SheFUtkSBk3UnxMpjrQeRoHtjLDp63lvLP7ntRITnvkpE3FiqCDTRWHCkZFo/D7qMkWJ4UNLMFHM3opIHytMjA0pZ0Pw5l/+S+rHRa9ULF3ZNG5giizswwEcgQenUIYLqEANCAi4h0d4crTz4Dw7L9PWjDOb2YVfcF6/ASfBlGA=</latexit> <latexit sha1_base64="40EPNHFYjimR21SWCzwdkT0Bolg=">AAAB8XicbVDLSgNBEOyNrxhfUU/iZTAInsKuCuot4MVjxLw0WZbZ2UkyZHZmmZkVQshfePGgiFf/ww/wJvgT/oGTx0ETCxqKqm66u8KEM21c99PJLCwuLa9kV3Nr6xubW/ntnZqWqSK0SiSXqhFiTTkTtGqY4bSRKIrjkNN62Lsc+fV7qjSTomL6CfVj3BGszQg2Vrprqa4MJLoJKkG+4BbdMdA88aakUDr5ft+rRF/lIP/RiiRJYyoM4Vjrpucmxh9gZRjhdJhrpZommPRwhzYtFTim2h+MLx6iQ6tEqC2VLWHQWP09McCx1v04tJ0xNl09643E/7xmatrn/oCJJDVUkMmidsqRkWj0PoqYosTwviWYKGZvRaSLFSbGhpSzIXizL8+T2nHROy1eXNs0bmGCLOzDARyBB2dQgisoQxUICHiAJ3h2tPPovDivk9aMM53ZhT9w3n4ANXuUbQ==</latexit> <latexit sha1_base64="unsV1OpV+ngUhYLvF2EXzxXZ0Cs=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFZIa+tgV3LhwUal9SBvKZDpph04mYWYilNBPcONCEbfu/BhBcOE/+A86aRVU9MCFwzn3cu89XsSoVJb1amQWFpeWV7KrubX1jc2t/PZOS4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre+Dj125dESBryczWJiBugIac+xUhpqdHon/bzBcusVkpFpwQt07LKdtFOSbHsHDnQ1kqKQs18f2u9PD3W+/nn3iDEcUC4wgxJ2bWtSLkJEopiRqa5XixJhPAYDUlXU44CIt1kduoUHmhlAP1Q6OIKztTvEwkKpJwEnu4MkBrJ314q/uV1Y+VX3ITyKFaE4/kiP2ZQhTD9Gw6oIFixiSYIC6pvhXiEBMJKp5PTIXx9Cv8nraJpO2b1TKdxAebIgj2wDw6BDcqgBk5AHTQBBkNwBW7ArcGMa+POuJ+3ZozPmV3wA8bDBxuRkvU=</latexit><latexit sha1_base64="unsV1OpV+ngUhYLvF2EXzxXZ0Cs=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFZIa+tgV3LhwUal9SBvKZDpph04mYWYilNBPcONCEbfu/BhBcOE/+A86aRVU9MCFwzn3cu89XsSoVJb1amQWFpeWV7KrubX1jc2t/PZOS4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre+Dj125dESBryczWJiBugIac+xUhpqdHon/bzBcusVkpFpwQt07LKdtFOSbHsHDnQ1kqKQs18f2u9PD3W+/nn3iDEcUC4wgxJ2bWtSLkJEopiRqa5XixJhPAYDUlXU44CIt1kduoUHmhlAP1Q6OIKztTvEwkKpJwEnu4MkBrJ314q/uV1Y+VX3ITyKFaE4/kiP2ZQhTD9Gw6oIFixiSYIC6pvhXiEBMJKp5PTIXx9Cv8nraJpO2b1TKdxAebIgj2wDw6BDcqgBk5AHTQBBkNwBW7ArcGMa+POuJ+3ZozPmV3wA8bDBxuRkvU=</latexit><latexit sha1_base64="unsV1OpV+ngUhYLvF2EXzxXZ0Cs=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFZIa+tgV3LhwUal9SBvKZDpph04mYWYilNBPcONCEbfu/BhBcOE/+A86aRVU9MCFwzn3cu89XsSoVJb1amQWFpeWV7KrubX1jc2t/PZOS4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre+Dj125dESBryczWJiBugIac+xUhpqdHon/bzBcusVkpFpwQt07LKdtFOSbHsHDnQ1kqKQs18f2u9PD3W+/nn3iDEcUC4wgxJ2bWtSLkJEopiRqa5XixJhPAYDUlXU44CIt1kduoUHmhlAP1Q6OIKztTvEwkKpJwEnu4MkBrJ314q/uV1Y+VX3ITyKFaE4/kiP2ZQhTD9Gw6oIFixiSYIC6pvhXiEBMJKp5PTIXx9Cv8nraJpO2b1TKdxAebIgj2wDw6BDcqgBk5AHTQBBkNwBW7ArcGMa+POuJ+3ZozPmV3wA8bDBxuRkvU=</latexit> <latexit sha1_base64="unsV1OpV+ngUhYLvF2EXzxXZ0Cs=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFZIa+tgV3LhwUal9SBvKZDpph04mYWYilNBPcONCEbfu/BhBcOE/+A86aRVU9MCFwzn3cu89XsSoVJb1amQWFpeWV7KrubX1jc2t/PZOS4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre+Dj125dESBryczWJiBugIac+xUhpqdHon/bzBcusVkpFpwQt07LKdtFOSbHsHDnQ1kqKQs18f2u9PD3W+/nn3iDEcUC4wgxJ2bWtSLkJEopiRqa5XixJhPAYDUlXU44CIt1kduoUHmhlAP1Q6OIKztTvEwkKpJwEnu4MkBrJ314q/uV1Y+VX3ITyKFaE4/kiP2ZQhTD9Gw6oIFixiSYIC6pvhXiEBMJKp5PTIXx9Cv8nraJpO2b1TKdxAebIgj2wDw6BDcqgBk5AHTQBBkNwBW7ArcGMa+POuJ+3ZozPmV3wA8bDBxuRkvU=</latexit><latexit sha1_base64="gqkawsKrpMBjMgSyX9Mp+GyDmOE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoJ6MePEYwTwkWcLsbG8yZPbhzKwQlvyEFw+KePV3vHnzU5xsctDEgoaiqpvuLi8RXGnb/rIKS8srq2vF9dLG5tb2Tnl3r6niVDJssFjEsu1RhYJH2NBcC2wnEmnoCWx5w+uJ33pEqXgc3elRgm5I+xEPOKPaSO2uj0JTctUrV+yqnYMsEmdGKpffkKPeK392/ZilIUaaCapUx7ET7WZUas4EjkvdVGFC2ZD2sWNoRENUbpbfOyZHRvFJEEtTkSa5+nsio6FSo9AznSHVAzXvTcT/vE6qg3M341GSaozYdFGQCqJjMnme+Fwi02JkCGWSm1sJG1BJmTYRlUwIzvzLi6R5UnVOqxe3dqV2P00DinAAh3AMDpxBDW6gDg1gIOAJXuDVerCerTfrfdpasGYz+/AH1scPAlaQzw==</latexit> <latexit sha1_base64="gqkawsKrpMBjMgSyX9Mp+GyDmOE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoJ6MePEYwTwkWcLsbG8yZPbhzKwQlvyEFw+KePV3vHnzU5xsctDEgoaiqpvuLi8RXGnb/rIKS8srq2vF9dLG5tb2Tnl3r6niVDJssFjEsu1RhYJH2NBcC2wnEmnoCWx5w+uJ33pEqXgc3elRgm5I+xEPOKPaSO2uj0JTctUrV+yqnYMsEmdGKpffkKPeK392/ZilIUaaCapUx7ET7WZUas4EjkvdVGFC2ZD2sWNoRENUbpbfOyZHRvFJEEtTkSa5+nsio6FSo9AznSHVAzXvTcT/vE6qg3M341GSaozYdFGQCqJjMnme+Fwi02JkCGWSm1sJG1BJmTYRlUwIzvzLi6R5UnVOqxe3dqV2P00DinAAh3AMDpxBDW6gDg1gIOAJXuDVerCerTfrfdpasGYz+/AH1scPAlaQzw==</latexit>

<latexit sha1_base64="BCcK8CTHte0W90w8SLAPtzqeK38=">AAAB/HicdVDLSgMxFL1TX7W+Rrt0EyyCq5Kpta0rK25cVrCt0iklk6ZtaOZBkhHKUH/FjQtF3Poh7tz5KWZaBRU9EDiccw/35niR4Epj/GZlFhaXlleyq7m19Y3NLXt7p6XCWFLWpKEI5ZVHFBM8YE3NtWBXkWTE9wRre+Oz1G/fMKl4GFzqScS6PhkGfMAp0Ubq2Xk3NHaaTtw+E5qg02nPLuDica1SKlcQLmJcdUpOSkrV8mEZOUZJUTh5hxkaPfvV7Yc09lmgqSBKdRwc6W5CpOZUsGnOjRWLCB2TIesYGhCfqW4yO36K9o3SR4NQmhdoNFO/JxLiKzXxPTPpEz1Sv71U/MvrxHpQ6yY8iGLNAjpfNIgF0iFKm0B9LhnVYmIIoZKbWxEdEUmoNn3lTAlfP0X/k1ap6BwV8QUu1K/nbUAWdmEPDsCBKtThHBrQBAoTuIMHeLRurXvryXqej2asz0wefsB6+QDRz5Zg</latexit>

! A
SL

<latexit sha1_base64="unsV1OpV+ngUhYLvF2EXzxXZ0Cs=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFZIa+tgV3LhwUal9SBvKZDpph04mYWYilNBPcONCEbfu/BhBcOE/+A86aRVU9MCFwzn3cu89XsSoVJb1amQWFpeWV7KrubX1jc2t/PZOS4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre+Dj125dESBryczWJiBugIac+xUhpqdHon/bzBcusVkpFpwQt07LKdtFOSbHsHDnQ1kqKQs18f2u9PD3W+/nn3iDEcUC4wgxJ2bWtSLkJEopiRqa5XixJhPAYDUlXU44CIt1kduoUHmhlAP1Q6OIKztTvEwkKpJwEnu4MkBrJ314q/uV1Y+VX3ITyKFaE4/kiP2ZQhTD9Gw6oIFixiSYIC6pvhXiEBMJKp5PTIXx9Cv8nraJpO2b1TKdxAebIgj2wDw6BDcqgBk5AHTQBBkNwBW7ArcGMa+POuJ+3ZozPmV3wA8bDBxuRkvU=</latexit>

ST
<latexit sha1_base64="jEBJIRJOuTdUzPMd4s/Fa2KB0Zc=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp0g2hmxsYxgPiQ5wt7eXLJkb+/c3RNCyJ+wsVDE1r9jZ+dPcXNJoYkPBh7vzTAzL0gF18Z1v5yl5ZXVtfXCRnFza3tnt7S339BJphjWWSIS1QqoRsEl1g03AlupQhoHApvB4HriNx9RaZ7IOzNM0Y9pT/KIM2qs1OqEKAwlV91S2a24Ocgi8WakfPkNOWrd0mcnTFgWozRMUK3bnpsaf0SV4UzguNjJNKaUDWgP25ZKGqP2R/m9Y3JslZBEibIlDcnV3xMjGms9jAPbGVPT1/PeRPzPa2cmuvBHXKaZQcmmi6JMEJOQyfMk5AqZEUNLKFPc3kpYnyrKjI2oaEPw5l9eJI3TindWcW/dcvV+mgYU4BCO4AQ8OIcq3EAN6sBAwBO8wKvz4Dw7b877tHXJmc0cwB84Hz//uZDH</latexit>

! A

¥ Avec un front de ßamme turbulent : 

<latexit sha1_base64="NiRHVQCzioTp+WfeqTh+cJRpcuQ="></latexit>

! oST = ! oSL
"A
"A

= ! oSL !
Flame 

wrinkling

Turbulent 
burning 
velocity

Laminar 
ßame speed

Quand le mŽcanicien se penche sur la relation vitesse de front vs plissementÉ

Flamme laminaire stabilisŽe par un 
Žcoulement incident

Laminar

! A

<latexit sha1_base64="gqkawsKrpMBjMgSyX9Mp+GyDmOE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoJ6MePEYwTwkWcLsbG8yZPbhzKwQlvyEFw+KePV3vHnzU5xsctDEgoaiqpvuLi8RXGnb/rIKS8srq2vF9dLG5tb2Tnl3r6niVDJssFjEsu1RhYJH2NBcC2wnEmnoCWx5w+uJ33pEqXgc3elRgm5I+xEPOKPaSO2uj0JTctUrV+yqnYMsEmdGKpffkKPeK392/ZilIUaaCapUx7ET7WZUas4EjkvdVGFC2ZD2sWNoRENUbpbfOyZHRvFJEEtTkSa5+nsio6FSo9AznSHVAzXvTcT/vE6qg3M341GSaozYdFGQCqJjMnme+Fwi02JkCGWSm1sJG1BJmTYRlUwIzvzLi6R5UnVOqxe3dqV2P00DinAAh3AMDpxBDW6gDg1gIOAJXuDVerCerTfrfdpasGYz+/AH1scPAlaQzw==</latexit>

SL

<latexit sha1_base64="unsV1OpV+ngUhYLvF2EXzxXZ0Cs=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFZIa+tgV3LhwUal9SBvKZDpph04mYWYilNBPcONCEbfu/BhBcOE/+A86aRVU9MCFwzn3cu89XsSoVJb1amQWFpeWV7KrubX1jc2t/PZOS4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre+Dj125dESBryczWJiBugIac+xUhpqdHon/bzBcusVkpFpwQt07LKdtFOSbHsHDnQ1kqKQs18f2u9PD3W+/nn3iDEcUC4wgxJ2bWtSLkJEopiRqa5XixJhPAYDUlXU44CIt1kduoUHmhlAP1Q6OIKztTvEwkKpJwEnu4MkBrJ314q/uV1Y+VX3ITyKFaE4/kiP2ZQhTD9Gw6oIFixiSYIC6pvhXiEBMJKp5PTIXx9Cv8nraJpO2b1TKdxAebIgj2wDw6BDcqgBk5AHTQBBkNwBW7ArcGMa+POuJ+3ZozPmV3wA8bDBxuRkvU=</latexit>

<latexit sha1_base64="VBos91yc9lG+fMO0QCSzM9wzGEc=">AAACDnicbVC7SgNBFJ2NrxhfUSuxGQwBq7CrojZCxMbCIsG8JAnL7OwkGTK7s8zcFULIF9j4KzYWitiJtZ3gT/gHTh6FJh64cDjn3pl7jxcJrsG2P63E3PzC4lJyObWyura+kd7cqmgZK8rKVAqpah7RTPCQlYGDYLVIMRJ4glW97sXQr94ypbkMS9CLWDMg7ZC3OCVgJDedbfhMAMENXwIuugE+ww3Vka7E1+4Vnpjnbjpj5+wR8CxxJiSTP/x+2yn5XwU3/WEepHHAQqCCaF137AiafaKAU8EGqUasWURol7RZ3dCQBEw3+6NzBjhrFB+3pDIVAh6pvyf6JNC6F3imMyDQ0dPeUPzPq8fQOm32eRjFwEI6/qgVCwwSD7PBPleMgugZQqjiZldMO0QRCibBlAnBmT55llQOcs5x7qho0rhBYyTRLtpD+8hBJyiPLlEBlRFFd+gBPaFn6956tF6s13FrwprMbKM/sN5/ALG3nms=</latexit>

! úQm = " oSL ! A

<latexit sha1_base64="ZDKS/6myMA5DfoaoxrlHyQZ2R5A="></latexit>

! úQm = " oSL ! A = " oST ! A =
!

! V

ú#F dv
[kgás! 1]

<latexit sha1_base64="U165i/qnNBDtfMfI2aIk78hB+O4=">AAAB8XicbVDLSgNBEOyNrxhfUU/iZTAInsKuBvQY8OLBQ8S8NFnC7GQ2GTI7s8zMCmHJX3jxoIhX/8MP8Cb4E/6Bk8dBowUNRVU33V1BzJk2rvvhZBYWl5ZXsqu5tfWNza389k5dy0QRWiOSS9UMsKacCVozzHDajBXFUcBpIxicj/3GHVWaSVE1w5j6Ee4JFjKCjZVu26ovOxJddy47+YJbdCdAf4k3I4XyydfbXrX7Wenk39tdSZKICkM41rrlubHxU6wMI5yOcu1E0xiTAe7RlqUCR1T76eTiETq0SheFUtkSBk3UnxMpjrQeRoHtjLDp63lvLP7ntRITnvkpE3FiqCDTRWHCkZFo/D7qMkWJ4UNLMFHM3opIHytMjA0pZ0Pw5l/+S+rHRa9ULF3ZNG5giizswwEcgQenUIYLqEANCAi4h0d4crTz4Dw7L9PWjDOb2YVfcF6/ASfBlGA=</latexit> <latexit sha1_base64="40EPNHFYjimR21SWCzwdkT0Bolg=">AAAB8XicbVDLSgNBEOyNrxhfUU/iZTAInsKuCuot4MVjxLw0WZbZ2UkyZHZmmZkVQshfePGgiFf/ww/wJvgT/oGTx0ETCxqKqm66u8KEM21c99PJLCwuLa9kV3Nr6xubW/ntnZqWqSK0SiSXqhFiTTkTtGqY4bSRKIrjkNN62Lsc+fV7qjSTomL6CfVj3BGszQg2Vrprqa4MJLoJKkG+4BbdMdA88aakUDr5ft+rRF/lIP/RiiRJYyoM4Vjrpucmxh9gZRjhdJhrpZommPRwhzYtFTim2h+MLx6iQ6tEqC2VLWHQWP09McCx1v04tJ0xNl09643E/7xmatrn/oCJJDVUkMmidsqRkWj0PoqYosTwviWYKGZvRaSLFSbGhpSzIXizL8+T2nHROy1eXNs0bmGCLOzDARyBB2dQgisoQxUICHiAJ3h2tPPovDivk9aMM53ZhT9w3n4ANXuUbQ==</latexit> <latexit sha1_base64="unsV1OpV+ngUhYLvF2EXzxXZ0Cs=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFZIa+tgV3LhwUal9SBvKZDpph04mYWYilNBPcONCEbfu/BhBcOE/+A86aRVU9MCFwzn3cu89XsSoVJb1amQWFpeWV7KrubX1jc2t/PZOS4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre+Dj125dESBryczWJiBugIac+xUhpqdHon/bzBcusVkpFpwQt07LKdtFOSbHsHDnQ1kqKQs18f2u9PD3W+/nn3iDEcUC4wgxJ2bWtSLkJEopiRqa5XixJhPAYDUlXU44CIt1kduoUHmhlAP1Q6OIKztTvEwkKpJwEnu4MkBrJ314q/uV1Y+VX3ITyKFaE4/kiP2ZQhTD9Gw6oIFixiSYIC6pvhXiEBMJKp5PTIXx9Cv8nraJpO2b1TKdxAebIgj2wDw6BDcqgBk5AHTQBBkNwBW7ArcGMa+POuJ+3ZozPmV3wA8bDBxuRkvU=</latexit><latexit sha1_base64="unsV1OpV+ngUhYLvF2EXzxXZ0Cs=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFZIa+tgV3LhwUal9SBvKZDpph04mYWYilNBPcONCEbfu/BhBcOE/+A86aRVU9MCFwzn3cu89XsSoVJb1amQWFpeWV7KrubX1jc2t/PZOS4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre+Dj125dESBryczWJiBugIac+xUhpqdHon/bzBcusVkpFpwQt07LKdtFOSbHsHDnQ1kqKQs18f2u9PD3W+/nn3iDEcUC4wgxJ2bWtSLkJEopiRqa5XixJhPAYDUlXU44CIt1kduoUHmhlAP1Q6OIKztTvEwkKpJwEnu4MkBrJ314q/uV1Y+VX3ITyKFaE4/kiP2ZQhTD9Gw6oIFixiSYIC6pvhXiEBMJKp5PTIXx9Cv8nraJpO2b1TKdxAebIgj2wDw6BDcqgBk5AHTQBBkNwBW7ArcGMa+POuJ+3ZozPmV3wA8bDBxuRkvU=</latexit><latexit sha1_base64="unsV1OpV+ngUhYLvF2EXzxXZ0Cs=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFZIa+tgV3LhwUal9SBvKZDpph04mYWYilNBPcONCEbfu/BhBcOE/+A86aRVU9MCFwzn3cu89XsSoVJb1amQWFpeWV7KrubX1jc2t/PZOS4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre+Dj125dESBryczWJiBugIac+xUhpqdHon/bzBcusVkpFpwQt07LKdtFOSbHsHDnQ1kqKQs18f2u9PD3W+/nn3iDEcUC4wgxJ2bWtSLkJEopiRqa5XixJhPAYDUlXU44CIt1kduoUHmhlAP1Q6OIKztTvEwkKpJwEnu4MkBrJ314q/uV1Y+VX3ITyKFaE4/kiP2ZQhTD9Gw6oIFixiSYIC6pvhXiEBMJKp5PTIXx9Cv8nraJpO2b1TKdxAebIgj2wDw6BDcqgBk5AHTQBBkNwBW7ArcGMa+POuJ+3ZozPmV3wA8bDBxuRkvU=</latexit> <latexit sha1_base64="unsV1OpV+ngUhYLvF2EXzxXZ0Cs=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFZIa+tgV3LhwUal9SBvKZDpph04mYWYilNBPcONCEbfu/BhBcOE/+A86aRVU9MCFwzn3cu89XsSoVJb1amQWFpeWV7KrubX1jc2t/PZOS4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre+Dj125dESBryczWJiBugIac+xUhpqdHon/bzBcusVkpFpwQt07LKdtFOSbHsHDnQ1kqKQs18f2u9PD3W+/nn3iDEcUC4wgxJ2bWtSLkJEopiRqa5XixJhPAYDUlXU44CIt1kduoUHmhlAP1Q6OIKztTvEwkKpJwEnu4MkBrJ314q/uV1Y+VX3ITyKFaE4/kiP2ZQhTD9Gw6oIFixiSYIC6pvhXiEBMJKp5PTIXx9Cv8nraJpO2b1TKdxAebIgj2wDw6BDcqgBk5AHTQBBkNwBW7ArcGMa+POuJ+3ZozPmV3wA8bDBxuRkvU=</latexit><latexit sha1_base64="gqkawsKrpMBjMgSyX9Mp+GyDmOE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoJ6MePEYwTwkWcLsbG8yZPbhzKwQlvyEFw+KePV3vHnzU5xsctDEgoaiqpvuLi8RXGnb/rIKS8srq2vF9dLG5tb2Tnl3r6niVDJssFjEsu1RhYJH2NBcC2wnEmnoCWx5w+uJ33pEqXgc3elRgm5I+xEPOKPaSO2uj0JTctUrV+yqnYMsEmdGKpffkKPeK392/ZilIUaaCapUx7ET7WZUas4EjkvdVGFC2ZD2sWNoRENUbpbfOyZHRvFJEEtTkSa5+nsio6FSo9AznSHVAzXvTcT/vE6qg3M341GSaozYdFGQCqJjMnme+Fwi02JkCGWSm1sJG1BJmTYRlUwIzvzLi6R5UnVOqxe3dqV2P00DinAAh3AMDpxBDW6gDg1gIOAJXuDVerCerTfrfdpasGYz+/AH1scPAlaQzw==</latexit> <latexit sha1_base64="gqkawsKrpMBjMgSyX9Mp+GyDmOE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoJ6MePEYwTwkWcLsbG8yZPbhzKwQlvyEFw+KePV3vHnzU5xsctDEgoaiqpvuLi8RXGnb/rIKS8srq2vF9dLG5tb2Tnl3r6niVDJssFjEsu1RhYJH2NBcC2wnEmnoCWx5w+uJ33pEqXgc3elRgm5I+xEPOKPaSO2uj0JTctUrV+yqnYMsEmdGKpffkKPeK392/ZilIUaaCapUx7ET7WZUas4EjkvdVGFC2ZD2sWNoRENUbpbfOyZHRvFJEEtTkSa5+nsio6FSo9AznSHVAzXvTcT/vE6qg3M341GSaozYdFGQCqJjMnme+Fwi02JkCGWSm1sJG1BJmTYRlUwIzvzLi6R5UnVOqxe3dqV2P00DinAAh3AMDpxBDW6gDg1gIOAJXuDVerCerTfrfdpasGYz+/AH1scPAlaQzw==</latexit>

To

<latexit sha1_base64="amvO1re62F+xEr/VM/IgNxDytqc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVQb0FvHiMmJckS5idzCZDZmeWmVkhLPkELx4U8erNjxEED/6D/6CTx0GjBQ1FVTfdXWHCmTae9+HkFhaXllfyq4W19Y3NreL2Tl3LVBFaI5JL1QyxppwJWjPMcNpMFMVxyGkjHJyP/cYNVZpJUTXDhAYx7gkWMYKNla6qHdkpljzXmwD9Jf6MlMru12f9/fWl0im+tbuSpDEVhnCsdcv3EhNkWBlGOB0V2qmmCSYD3KMtSwWOqQ6yyakjdGCVLoqksiUMmqg/JzIcaz2MQ9sZY9PX895Y/M9rpSY6DTImktRQQaaLopQjI9H4b9RlihLDh5Zgopi9FZE+VpgYm07BhuDPv/yX1I9c/9g9u7RpXMMUediDfTgEH06gDBdQgRoQ6MEt3MODw50759F5mrbmnNnMLvyC8/wN8gWS1w==</latexit>

<latexit sha1_base64="tvuCgSXPUSRZoV2xS+TcHJRcXe0="></latexit>

! T = ( Tb ! To)|" T |! 1 = |" c|! 1

Tb

<latexit sha1_base64="VvQKUOHxJzLZJp/f5JcPSYgnQRc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVQb0FvHiMmJckS5idzCZDZmeWmVkhLPkELx4U8erNjxEED/6D/6CTx0GjBQ1FVTfdXWHCmTae9+HkFhaXllfyq4W19Y3NreL2Tl3LVBFaI5JL1QyxppwJWjPMcNpMFMVxyGkjHJyP/cYNVZpJUTXDhAYx7gkWMYKNla6qnbBTLHmuNwH6S/wZKZXdr8/6++tLpVN8a3clSWMqDOFY65bvJSbIsDKMcDoqtFNNE0wGuEdblgocUx1kk1NH6MAqXRRJZUsYNFF/TmQ41noYh7Yzxqav572x+J/XSk10GmRMJKmhgkwXRSlHRqLx36jLFCWGDy3BRDF7KyJ9rDAxNp2CDcGff/kvqR+5/rF7dmnTuIYp8rAH+3AIPpxAGS6gAjUg0INbuIcHhzt3zqPzNG3NObOZXfgF5/kb3lGSyg==</latexit>

<latexit sha1_base64="ixtbXBJ+78aVtA3b8xqCRR5q8mA=">AAAB73icbVDJSgNBEO1xjXGLevTSGARPw4yIegx48RghmyQh9PTUJE16FrtrhDDkJ7x4UMSr+DGC4MF/8B+0sxw08UHB470qqup5iRQaHefTWlhcWl5Zza3l1zc2t7YLO7s1HaeKQ5XHMlYNj2mQIoIqCpTQSBSw0JNQ9/oXI79+C0qLOKrgIIF2yLqRCARnaKRGyweJrFPpFIqO7YxB54k7JcWS/f1V+3h7LXcK7y0/5mkIEXLJtG66ToLtjCkUXMIw30o1JIz3WReahkYsBN3OxvcO6aFRfBrEylSEdKz+nshYqPUg9ExnyLCnZ72R+J/XTDE4b2ciSlKEiE8WBamkGNPR89QXCjjKgSGMK2FupbzHFONoIsqbENzZl+dJ7dh2T+2TK5PGNZkgR/bJATkiLjkjJXJJyqRKOJHkjjyQR+vGureerOdJ64I1ndkjf2C9/ACuQpT9</latexit>

! T

uÕ/SL uÕ/SL

ST/SL ST/SL
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Observations expŽrimentales rŽcentes : 

¥LÕampliÞcation de la surface rŽactive nÕest pas toujours suivie dÕune 
ampliÞcation de la consommation chimique !

¥ G.V. Nivarti, R.S. Cant, S. Hochgreb, Reconciling turbulent burning velocity with flame surface area in small-scale turbulence, J. Fluid Mech. 858 (2019).  
¥ S. Mohammadnejad, P. Vena, S. Yun, S. Kheirkhah, Internal structure of hydrogen-enriched methane-air turbulent premixed flames: flamelet and non-flamelet behavior, Combust. 

Flame 208 (2019) 139Ð157. 
¥ A. Attili, S. Luca, D. Denker, F. Bisetti, H. Pitsch, Turbulent flame speed and reaction layer thickening in premixed jet flames at constant Karlovitz and increasing Reynolds 

numbers, Proc. Combust. Inst. 38 (2) (2021) 2939Ð2947. 

<latexit sha1_base64="DfdFqvEr9TY+834ZQkk+LtGaVT4="></latexit>

ST

SL
!"

! A
! A

Nivarti et al. JFM 858, 2019.
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¥ Continuity and progress variable conservation:

9

<latexit sha1_base64="OdlHiIyZFupW/lWZLFwdNJ/FBKo="></latexit>

! " ÷c
! t

+ ! á(" ÷u÷c) + ! á#c = ! á(" D ! c) + ú$c

<latexit sha1_base64="qWqdNQVP79lazNAXwPkth5qEjq0="></latexit>

! "
! t

+ ! á(" ÷u) = 0

<latexit sha1_base64="jd9RB+ta4e/Y2GtN93B9LVNSHIw=">AAACEnicbVDLSgMxFL3js9bXqEs3wSLops6I+FgIBTcuK9iHdErJZNI2NJMZkoxY2oJ/4MZfceNCEbeu3Pk3ZtouauuBwOGcc5Pc48ecKe04P9bc/MLi0nJmJbu6tr6xaW9tl1WUSEJLJOKRrPpYUc4ELWmmOa3GkuLQ57Tid65Sv3JPpWKRuNXdmNZD3BKsyQjWRmrYh4H3wNAlCrzIxNJbEDnqewL7HKMJrZ9t2Dkn7wyBZok7JrnCxSOkKDbsby+ISBJSoQnHStVcJ9b1HpaaEU4HWS9RNMakg1u0ZqjAIVX13nClAdo3SoCakTRHaDRUJyd6OFSqG/omGWLdVtNeKv7n1RLdPK/3mIgTTQUZPdRMONIRSvtBAZOUaN41BBPJzF8RaWOJiTYtpiW40yvPkvJx3j3Nn9yYNu5ghAzswh4cgAtnUIBrKEIJCDzBC7zBu/VsvVof1ucoOmeNZ3bgD6yvXz5Xng0=</latexit>

d! = dc/ |! c|
<latexit sha1_base64="IyKps7z2jVCBtWF9UUDDlEHcTRA="></latexit>

!
! t

+ !!

"!

" d# + ( " ÷u)+ ! = ( " ÷u)"! = " oST ,

!
! t

+ !!

"!

" ÷cd# + ( " ÷u)+ ! =

+ !!

"!

ú$cd# = " o ÷Sc .

¥ Integrate through the mean turbulent ßame brush:

Consumption speed of the 
turbulent ßame brush

Turbulent burning velocity

Molecular di ! usion

Turbulent scalar transport
<latexit sha1_base64="f6uykt5e/XDlJfDVe8ORTU9CAeA="></latexit>

! c = " uc ! " ÷u÷c
Chemical source

Turbulent burning velocity vs ßame brush thickness
<latexit sha1_base64="xVGcJDiO7eQhcFsblpK9ErW2SdI=">AAACFXicbVDLSgMxFL1TX7W+qi7dBIvgQuqMiI+FUHDjsoJ9SGcomUzahmYmQ5IRylDwG9z4K25cKOJWcOffmGm7sK0HAodzzk1yjx9zprRt/1i5hcWl5ZX8amFtfWNzq7i9U1cikYTWiOBCNn2sKGcRrWmmOW3GkuLQ57Th968zv/FApWIiutODmHoh7kaswwjWRmoXj1zNeEBRgq6QK0wyuyh1ZU+gZHg8rQzbxZJdtkdA88SZkFLl8hEyVNvFbzcQJAlppAnHSrUcO9ZeiqVmhNNhwU0UjTHp4y5tGRrhkCovHW01RAdGCVBHSHMijUbq34kUh0oNQt8kQ6x7atbLxP+8VqI7F17KojjRNCLjhzoJR1qgrCIUMEmJ5gNDMJHM/BWRHpaYaFNkwZTgzK48T+onZeesfHpr2riHMfKwB/twCA6cQwVuoAo1IPAEL/AG79az9Wp9WJ/jaM6azOzCFKyvX1/zoHY=</latexit>

÷u = ! u/ !

ST

SL

<latexit sha1_base64="unsV1OpV+ngUhYLvF2EXzxXZ0Cs=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFZIa+tgV3LhwUal9SBvKZDpph04mYWYilNBPcONCEbfu/BhBcOE/+A86aRVU9MCFwzn3cu89XsSoVJb1amQWFpeWV7KrubX1jc2t/PZOS4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre+Dj125dESBryczWJiBugIac+xUhpqdHon/bzBcusVkpFpwQt07LKdtFOSbHsHDnQ1kqKQs18f2u9PD3W+/nn3iDEcUC4wgxJ2bWtSLkJEopiRqa5XixJhPAYDUlXU44CIt1kduoUHmhlAP1Q6OIKztTvEwkKpJwEnu4MkBrJ314q/uV1Y+VX3ITyKFaE4/kiP2ZQhTD9Gw6oIFixiSYIC6pvhXiEBMJKp5PTIXx9Cv8nraJpO2b1TKdxAebIgj2wDw6BDcqgBk5AHTQBBkNwBW7ArcGMa+POuJ+3ZozPmV3wA8bDBxuRkvU=</latexit>

<latexit sha1_base64="jEBJIRJOuTdUzPMd4s/Fa2KB0Zc=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp0g2hmxsYxgPiQ5wt7eXLJkb+/c3RNCyJ+wsVDE1r9jZ+dPcXNJoYkPBh7vzTAzL0gF18Z1v5yl5ZXVtfXCRnFza3tnt7S339BJphjWWSIS1QqoRsEl1g03AlupQhoHApvB4HriNx9RaZ7IOzNM0Y9pT/KIM2qs1OqEKAwlV91S2a24Ocgi8WakfPkNOWrd0mcnTFgWozRMUK3bnpsaf0SV4UzguNjJNKaUDWgP25ZKGqP2R/m9Y3JslZBEibIlDcnV3xMjGms9jAPbGVPT1/PeRPzPa2cmuvBHXKaZQcmmi6JMEJOQyfMk5AqZEUNLKFPc3kpYnyrKjI2oaEPw5l9eJI3TindWcW/dcvV+mgYU4BCO4AQ8OIcq3EAN6sBAwBO8wKvz4Dw7b877tHXJmc0cwB84Hz//uZDH</latexit>

! A
<latexit sha1_base64="BCcK8CTHte0W90w8SLAPtzqeK38=">AAAB/HicdVDLSgMxFL1TX7W+Rrt0EyyCq5Kpta0rK25cVrCt0iklk6ZtaOZBkhHKUH/FjQtF3Poh7tz5KWZaBRU9EDiccw/35niR4Epj/GZlFhaXlleyq7m19Y3NLXt7p6XCWFLWpKEI5ZVHFBM8YE3NtWBXkWTE9wRre+Oz1G/fMKl4GFzqScS6PhkGfMAp0Ubq2Xk3NHaaTtw+E5qg02nPLuDica1SKlcQLmJcdUpOSkrV8mEZOUZJUTh5hxkaPfvV7Yc09lmgqSBKdRwc6W5CpOZUsGnOjRWLCB2TIesYGhCfqW4yO36K9o3SR4NQmhdoNFO/JxLiKzXxPTPpEz1Sv71U/MvrxHpQ6yY8iGLNAjpfNIgF0iFKm0B9LhnVYmIIoZKbWxEdEUmoNn3lTAlfP0X/k1ap6BwV8QUu1K/nbUAWdmEPDsCBKtThHBrQBAoTuIMHeLRurXvryXqej2asz0wefsB6+QDRz5Zg</latexit>

! A

c = 0

c = 1

<latexit sha1_base64="ixtbXBJ+78aVtA3b8xqCRR5q8mA=">AAAB73icbVDJSgNBEO1xjXGLevTSGARPw4yIegx48RghmyQh9PTUJE16FrtrhDDkJ7x4UMSr+DGC4MF/8B+0sxw08UHB470qqup5iRQaHefTWlhcWl5Zza3l1zc2t7YLO7s1HaeKQ5XHMlYNj2mQIoIqCpTQSBSw0JNQ9/oXI79+C0qLOKrgIIF2yLqRCARnaKRGyweJrFPpFIqO7YxB54k7JcWS/f1V+3h7LXcK7y0/5mkIEXLJtG66ToLtjCkUXMIw30o1JIz3WReahkYsBN3OxvcO6aFRfBrEylSEdKz+nshYqPUg9ExnyLCnZ72R+J/XTDE4b2ciSlKEiE8WBamkGNPR89QXCjjKgSGMK2FupbzHFONoIsqbENzZl+dJ7dh2T+2TK5PGNZkgR/bJATkiLjkjJXJJyqRKOJHkjjyQR+vGureerOdJ64I1ndkjf2C9/ACuQpT9</latexit>

! T

<latexit sha1_base64="fT9wPJVIuWniIR3T8rWSWQ226B0="></latexit>

! o ÷Sc = ! oSL
"A
"A

= ! oSL !



¥ Subtracting these two relations:
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<latexit sha1_base64="+cxmCRu4VDtkFJFoVGp/ta4yJoc="></latexit>

ST ! ÷Sc =
!
! t

+ !!

"!

"
" o

(1 ! ÷c) d#

<latexit sha1_base64="qkaqj5Za5o27cj4CpZFYDSmr1ek="></latexit>

!
! t

+ !!

"!

"
" o

(1 ! ÷c) d# =
d$T (t)

dt

! +!

! !

" (%)
" o

(1 ! ÷c(%)) d%

" #$ %
I 1 > 0

,

Turbulent burning velocity vs ßame brush thickness

ST

SL

<latexit sha1_base64="unsV1OpV+ngUhYLvF2EXzxXZ0Cs=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFZIa+tgV3LhwUal9SBvKZDpph04mYWYilNBPcONCEbfu/BhBcOE/+A86aRVU9MCFwzn3cu89XsSoVJb1amQWFpeWV7KrubX1jc2t/PZOS4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre+Dj125dESBryczWJiBugIac+xUhpqdHon/bzBcusVkpFpwQt07LKdtFOSbHsHDnQ1kqKQs18f2u9PD3W+/nn3iDEcUC4wgxJ2bWtSLkJEopiRqa5XixJhPAYDUlXU44CIt1kduoUHmhlAP1Q6OIKztTvEwkKpJwEnu4MkBrJ314q/uV1Y+VX3ITyKFaE4/kiP2ZQhTD9Gw6oIFixiSYIC6pvhXiEBMJKp5PTIXx9Cv8nraJpO2b1TKdxAebIgj2wDw6BDcqgBk5AHTQBBkNwBW7ArcGMa+POuJ+3ZozPmV3wA8bDBxuRkvU=</latexit>

<latexit sha1_base64="jEBJIRJOuTdUzPMd4s/Fa2KB0Zc=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp0g2hmxsYxgPiQ5wt7eXLJkb+/c3RNCyJ+wsVDE1r9jZ+dPcXNJoYkPBh7vzTAzL0gF18Z1v5yl5ZXVtfXCRnFza3tnt7S339BJphjWWSIS1QqoRsEl1g03AlupQhoHApvB4HriNx9RaZ7IOzNM0Y9pT/KIM2qs1OqEKAwlV91S2a24Ocgi8WakfPkNOWrd0mcnTFgWozRMUK3bnpsaf0SV4UzguNjJNKaUDWgP25ZKGqP2R/m9Y3JslZBEibIlDcnV3xMjGms9jAPbGVPT1/PeRPzPa2cmuvBHXKaZQcmmi6JMEJOQyfMk5AqZEUNLKFPc3kpYnyrKjI2oaEPw5l9eJI3TindWcW/dcvV+mgYU4BCO4AQ8OIcq3EAN6sBAwBO8wKvz4Dw7b877tHXJmc0cwB84Hz//uZDH</latexit>

! A
<latexit sha1_base64="BCcK8CTHte0W90w8SLAPtzqeK38=">AAAB/HicdVDLSgMxFL1TX7W+Rrt0EyyCq5Kpta0rK25cVrCt0iklk6ZtaOZBkhHKUH/FjQtF3Poh7tz5KWZaBRU9EDiccw/35niR4Epj/GZlFhaXlleyq7m19Y3NLXt7p6XCWFLWpKEI5ZVHFBM8YE3NtWBXkWTE9wRre+Oz1G/fMKl4GFzqScS6PhkGfMAp0Ubq2Xk3NHaaTtw+E5qg02nPLuDica1SKlcQLmJcdUpOSkrV8mEZOUZJUTh5hxkaPfvV7Yc09lmgqSBKdRwc6W5CpOZUsGnOjRWLCB2TIesYGhCfqW4yO36K9o3SR4NQmhdoNFO/JxLiKzXxPTPpEz1Sv71U/MvrxHpQ6yY8iGLNAjpfNIgF0iFKm0B9LhnVYmIIoZKbWxEdEUmoNn3lTAlfP0X/k1ap6BwV8QUu1K/nbUAWdmEPDsCBKtThHBrQBAoTuIMHeLRurXvryXqej2asz0wefsB6+QDRz5Zg</latexit>

! A

c = 0

c = 1

<latexit sha1_base64="ixtbXBJ+78aVtA3b8xqCRR5q8mA=">AAAB73icbVDJSgNBEO1xjXGLevTSGARPw4yIegx48RghmyQh9PTUJE16FrtrhDDkJ7x4UMSr+DGC4MF/8B+0sxw08UHB470qqup5iRQaHefTWlhcWl5Zza3l1zc2t7YLO7s1HaeKQ5XHMlYNj2mQIoIqCpTQSBSw0JNQ9/oXI79+C0qLOKrgIIF2yLqRCARnaKRGyweJrFPpFIqO7YxB54k7JcWS/f1V+3h7LXcK7y0/5mkIEXLJtG66ToLtjCkUXMIw30o1JIz3WReahkYsBN3OxvcO6aFRfBrEylSEdKz+nshYqPUg9ExnyLCnZ72R+J/XTDE4b2ciSlKEiE8WBamkGNPR89QXCjjKgSGMK2FupbzHFONoIsqbENzZl+dJ7dh2T+2TK5PGNZkgR/bJATkiLjkjJXJJyqRKOJHkjjyQR+vGureerOdJ64I1ndkjf2C9/ACuQpT9</latexit>

! T

¥ Assume the internal mean ßame structure to be self-similar versus the mean 
ßame brush <latexit sha1_base64="Uc9/h80OJTGn9fsA1Shu3lSlpj8=">AAACBnicbVDJSgNBEO2JW4xb1KMIjYkQL3EmiHoRAl48RsgmmRB6OpWkSc9Cd40YQk5e/BUvHhTx6jd482/sLAdNfFDweK+KqnpeJIVG2/62EkvLK6tryfXUxubW9k56d6+qw1hxqPBQhqruMQ1SBFBBgRLqkQLmexJqXv967NfuQWkRBmUcRND0WTcQHcEZGqmVPsy6gCyHJ/SKug+CnlK3DRJZq2y0bCudsfP2BHSRODOSITOUWukvtx3y2IcAuWRaNxw7wuaQKRRcwijlxhoixvusCw1DA+aDbg4nb4zosVHatBMqUwHSifp7Ysh8rQe+Zzp9hj09743F/7xGjJ3L5lAEUYwQ8OmiTiwphnScCW0LBRzlwBDGlTC3Ut5jinE0yaVMCM78y4ukWsg75/mz20KmeDeLI0kOyBHJEYdckCK5ISVSIZw8kmfySt6sJ+vFerc+pq0JazazT/7A+vwBWm6WlQ==</latexit>

! (t) = " / #T (t)

<latexit sha1_base64="YvNxRFwPNN+0w5RTt3WwAN04Urc="></latexit>

ST = ÷Sc + I 1
d! T

dt
= So

L ! + I 1
d! T (t)

dt

<latexit sha1_base64="T1gdNIBL95vVn9+1BzV0GiImMjk=">AAACC3icbVDLSgMxFL1TX7W+Rl26CS2Cqzoj4mMhVNy4rGAf0hlKJpNpQzMPkoxQhoJLN/6KGxeKuPUH3Pk3ZloFbT0QOJxzbpJ7vIQzqSzr0yjMzS8sLhWXSyura+sb5uZWU8apILRBYh6Ltocl5SyiDcUUp+1EUBx6nLa8wUXut26pkCyOrtUwoW6IexELGMFKS12z7LQZOkNOrEP5HZnjU64wOh/t/7CuWbGq1hholtjfpFI7vYMc9a754fgxSUMaKcKxlB3bSpSbYaEY4XRUclJJE0wGuEc7mkY4pNLNxruM0K5WfBTEQp9IobH6eyLDoZTD0NPJEKu+nPZy8T+vk6rgxM1YlKSKRmTyUJBypGKUF4N8JihRfKgJJoLpvyLSxwITpesr6RLs6ZVnSfOgah9VD690GzcwQRF2oAx7YMMx1OAS6tAAAvfwCM/wYjwYT8ar8TaJFozvmW34A+P9C9mrmyM=</latexit>

! = ! A/ ! A



¥ The turbulent ßame brush is known to evolve according to the integral turbulent scales:

11

<latexit sha1_base64="YvNxRFwPNN+0w5RTt3WwAN04Urc="></latexit>

ST = ÷Sc + I 1
d! T

dt
= So

L ! + I 1
d! T (t)

dt

<latexit sha1_base64="Rx7cLePopy/yHNf28N92W08tkyo="></latexit>

! 2
T (t) = b2

2"2
T (1 ! exp(! Cs(t ! to)/ #T )) + ! 2

T (to) exp(! Cs(t ! to)/ #T )

Integral time 
scale

Integral length 
scale

N. Peters, Turbulent Combustion, Cambridge University Press, 2000.

Turbulent burning velocity vs ßame brush thickness

¥ The same procedure applied from the cold edge-ßame up to a point inside the 
mean ßame brush returns a relation for the turbulent transport of scalars:

<latexit sha1_base64="HwPjmTgZTgo57IID+RNdXYb/9w0="></latexit>

! á! c = ! á(" uc " " ÷u÷c) = " o|! ÷c|

!"

(1 + ! )
#

"
" o

$ 2

" 1

%

So
L ! " (I 1 " I 2(÷c))

d#T (t)
dt

&

(

t ) 
!  %+ 

%#
# %

"
d( " / " o ) 

d%

#
d%

$ %& '  
I  2 (%+ ) >  0 



¥ Le taux de variation de lÕŽpaisseur moyenne dÕun front de rŽaction, son plissement et sa vitesse de 
propagation ne peuvent •tre modŽlisŽs indŽpendamment (lÕun ne peut •tre un simple param•tre 
dÕentrŽe dÕun mod•le de lÕautre, ce que nous faisons tousÉ).

¥ Le plissement ne peut •tre modŽlisŽ indŽpendamment du transport des scalaires par les 
ßuctuations de vitesse.

¥ La dynamique est pilotŽ par des Žchelles de temps courtes, qui sont reprŽsentative de la relaxation 
du front rŽactif vers les Žchelles intŽgrales de la turbulence.

¥ Dans la mesure o• la turbulence impose une tr•s grande variabilitŽ de ces temps de relaxation, il 
existe tr•s certainement une multitude de lois de comportements en fonction des rŽactifs, du 
syst•me considŽrŽ et de son rŽgime de fonctionnement !
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Ce quÕil faut retenir (pas vraiment des bonnes nouvelles) :

¥ P. Domingo, L. Vervisch (2022) Revisiting the relation between premixed flame brush thickness and turbulent burning velocities from Ken Bray's notes, Combust. Flame. 239: 111706.



¥Partie 2 : Une nouvelle approche pour rŽsoudre les 
Žquations de bilan de population



¥The focus is on non-inertial particles generated and transported in ßames  
(no feedback from particles on the ßow dynamics):

- Optimising combustion systems to mitigate particulate and soot emission (Rigopoulos 2019).

- Manufacture of carbon nanotubes, nanosilver and other advanced carbon-based materials (Kelesidis 
et al. 2017).

¥These particles nucleate, grow, agglomerate and populate the ßow featuring a large range of sizes.

¥Thermochemical modeling is developed in the combustion community to understand and simulate the 
dynamics of those particles.

¥These physical models enter a population balance equation (PBE) for their calibration and validation.

¥Because this equation is challenging to handle numerically, a risk exists to calibrate models compensating 
numerical errorsÉ

¥A novel approach is proposed to solve PBE minimising spurious numerical contributions.

Solving for particle size distributions

¥ S. Rigopoulos. Modelling of soot aerosol dynamics in turbulent ßow. Flow Turbulence Com- bust., 103:565Ð604, 2019. 

¥ G. A. Kelesidis, E. Goudeli, and S. E. Pratsinis Flame synthesis of functional nanostructured materials and devices: Surface growth and aggregation. Proc. Combust. Inst., 36(1):29Ð50, 2017. 

<latexit sha1_base64="ihxiyBYKeqdlh0FqfTDCgkSlisQ=">AAACBHicbVC7SgNBFL3rM8bXqmWawSDYGHYFUQsxYGMZwTwkiWF2MkmGzD6YuSuGZQsbf8XGQhFbP8LOzk9x8ig08cCFwzn3cu89XiSFRsf5submFxaXljMr2dW19Y1Ne2u7osNYMV5moQxVzaOaSxHwMgqUvBYpTn1P8qrXvxj61TuutAiDaxxEvOnTbiA6glE0UsvONZDfY9ImZyQlrnObHJymY8lPW3beKTgjkFniTkj+/BtGKLXsz0Y7ZLHPA2SSal13nQibCVUomORpthFrHlHWp11eNzSgPtfNZPRESvaM0iadUJkKkIzU3xMJ9bUe+J7p9Cn29LQ3FP/z6jF2TpqJCKIYecDGizqxJBiSYSKkLRRnKAeGUKaEuZWwHlWUockta0Jwp1+eJZXDgntUcK6cfPFmnAZkIAe7sA8uHEMRLqEEZWDwAE/wAq/Wo/VsvVnv49Y5azKzA39gffwANLeYrA==</latexit>

d = 10 ! 9m

Many orders of magnitude

<latexit sha1_base64="mnnsFMvaWJgUMKNanP16dhtXfjI=">AAAB/XicbVDJSgNBEK1xjXGLy81LYxC8GGZU1IsY8OIxglkkiaGn00ma9Cx014hxGP0VLx4U8ep/ePPmp9hZDpr4oODxXhVV9dxQCo22/WVNTc/Mzs2nFtKLS8srq5m19ZIOIsV4kQUyUBWXai6Fz4soUPJKqDj1XMnLbve875dvudIi8K+wF/K6R9u+aAlG0UiNzGaTnBLHvon3DpIa8juMH7ykkcnaOXsAMkmcEcmefcMAhUbms9YMWORxH5mkWlcdO8R6TBUKJnmSrkWah5R1aZtXDfWpx3U9HlyfkB2jNEkrUKZ8JAP190RMPa17nms6PYodPe71xf+8aoStk3os/DBC7rPholYkCQakHwVpCsUZyp4hlClhbiWsQxVlaAJLmxCc8ZcnSWk/5xzlDi/tbP56mAakYAu2YRccOIY8XEABisDgHp7gBV6tR+vZerPeh61T1mhmA/7A+vgBwxmVqg==</latexit>

d = 10 ! 3 m



Particle size distribution or number density function

<latexit sha1_base64="rXP+DKzsJ/tVO+q9Whzd+n31gXU="></latexit>

NT (x, t) =

!!

0

n(v; x, t)dv

¥The number of particles per unit of volume and per unit of size deÞnes the Particle Size Distribution (PSD):

Total number of particles 
per unit of ßow volume

Number of particles of size ÔvÕ 
per unit of size and ßow volume

 1e+08

 1e+09

 1e+10

 1e+11

 1e+12

 1  10

n(
d)

 [c
m

-3
]

d [nm]

H = 1.2 cm

¥ N. J. Kempema, M. B. Long (2016) Combined optical and TEM 
investigations for a detailed characterisation of soot aggregate 
properties in a laminar coßow diffusion ßame, Combustion and 
Flame 164: 373-385.
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Population balance equation

<latexit sha1_base64="iURXWIGCsukRKrknuPDBZjNC1lQ="></latexit>

!" n(v; x, t)
! t

+ ! á(" un(v; x, t)) = " "
!
! v

[G(v; x, t)n(v; x, t)] + " úA(v; x, t)

<latexit sha1_base64="aFju4yIhFfKo82oQVLm+WCnNfIw="></latexit>

úA(v; x, t) = úh(v; x, t)

+
1
2

! v

0
! (v ! v! , v! )n(v ! v! ; x, t)n(v! ; x, t)dv! ! n(v; x, t)

! !

0
! (v, v! )n(v! ; x, t)dv!

Surface gross/loss

Source/sink

Nucleation

Agglomeration - Gain

Agglomeration - Loss
v!

<latexit sha1_base64="DGtwnECThwg2066o3PSwi5s735Q=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDEQ9iVgHoLePEY0TwkWcPspDcZMju7zMwGQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4O6zpOFcMai0WsmgHVKLjEmuFGYDNRSKNAYCMY3Ez9xhCV5rF8MKME/Yj2JA85o8ZK98On806h6JbcGcgy8TJShAzVTuGr3Y1ZGqE0TFCtW56bGH9MleFM4CTfTjUmlA1oD1uWShqh9sezUyfk1CpdEsbKljRkpv6eGNNI61EU2M6Imr5e9Kbif14rNeGVP+YySQ1KNl8UpoKYmEz/Jl2ukBkxsoQyxe2thPWposzYdPI2BG/x5WVSvyh55dL1XblYecziyMExnMAZeHAJFbiFKtSAQQ+e4RXeHOG8OO/Ox7x1xclmjuAPnM8fB06NuQ==</latexit>

vo

<latexit sha1_base64="b+MnlU7tCd3KKd2pF60h+QEnelE=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoN4KXjxWtB/SLiWbZtvQbLIk2UJZ+hO8eFDEq7/Im//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUNCrVlDWoEkq3Q2KY4JI1LLeCtRPNSBwK1gpHtzO/NWbacCUf7SRhQUwGkkecEuukh3FP9coVr+rNgVeJn5MK5Kj3yl/dvqJpzKSlghjT8b3EBhnRllPBpqVualhC6IgMWMdRSWJmgmx+6hSfOaWPI6VdSYvn6u+JjMTGTOLQdcbEDs2yNxP/8zqpja6DjMsktUzSxaIoFdgqPPsb97lm1IqJI4Rq7m7FdEg0odalU3Ih+Msvr5LmRdW/rN7cX1ZqT3kcRTiBUzgHH66gBndQhwZQGMAzvMIbEugFvaOPRWsB5TPH8Afo8wdxZ43/</latexit>

<latexit sha1_base64="muY3gFnP1JS05LpN3IIjUH2B4pU=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBCih7Ar4uMW8OIxgnlIsobZyWwyZHZmmZkNhCXgL3jxoIhXv8ebf+NskoMmFjQUVd10dwUxZ9q47reztLyyurae28hvbm3v7Bb29utaJorQGpFcqmaANeVM0JphhtNmrCiOAk4bweAm8xtDqjST4t6MYupHuCdYyAg2VmqI0vDx9CTfKRTdsjsBWiTejBQr10+QodopfLW7kiQRFYZwrHXLc2Pjp1gZRjgd59uJpjEmA9yjLUsFjqj208m5Y3RslS4KpbIlDJqovydSHGk9igLbGWHT1/NeJv7ntRITXvkpE3FiqCDTRWHCkZEo+x11maLE8JElmChmb0WkjxUmxiaUheDNv7xI6mdl76J8fmfTeIApcnAIR1ACDy6hArdQhRoQGMAzvMKbEzsvzrvzMW1dcmYzB/AHzucPIF2PnA==</latexit>

n(v! )

v!

<latexit sha1_base64="DGtwnECThwg2066o3PSwi5s735Q=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDEQ9iVgHoLePEY0TwkWcPspDcZMju7zMwGQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4O6zpOFcMai0WsmgHVKLjEmuFGYDNRSKNAYCMY3Ez9xhCV5rF8MKME/Yj2JA85o8ZK98On806h6JbcGcgy8TJShAzVTuGr3Y1ZGqE0TFCtW56bGH9MleFM4CTfTjUmlA1oD1uWShqh9sezUyfk1CpdEsbKljRkpv6eGNNI61EU2M6Imr5e9Kbif14rNeGVP+YySQ1KNl8UpoKYmEz/Jl2ukBkxsoQyxe2thPWposzYdPI2BG/x5WVSvyh55dL1XblYecziyMExnMAZeHAJFbiFKtSAQQ+e4RXeHOG8OO/Ox7x1xclmjuAPnM8fB06NuQ==</latexit>

vo

<latexit sha1_base64="b+MnlU7tCd3KKd2pF60h+QEnelE=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoN4KXjxWtB/SLiWbZtvQbLIk2UJZ+hO8eFDEq7/Im//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUNCrVlDWoEkq3Q2KY4JI1LLeCtRPNSBwK1gpHtzO/NWbacCUf7SRhQUwGkkecEuukh3FP9coVr+rNgVeJn5MK5Kj3yl/dvqJpzKSlghjT8b3EBhnRllPBpqVualhC6IgMWMdRSWJmgmx+6hSfOaWPI6VdSYvn6u+JjMTGTOLQdcbEDs2yNxP/8zqpja6DjMsktUzSxaIoFdgqPPsb97lm1IqJI4Rq7m7FdEg0odalU3Ih+Msvr5LmRdW/rN7cX1ZqT3kcRTiBUzgHH66gBndQhwZQGMAzvMIbEugFvaOPRWsB5TPH8Afo8wdxZ43/</latexit>

<latexit sha1_base64="muY3gFnP1JS05LpN3IIjUH2B4pU=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBCih7Ar4uMW8OIxgnlIsobZyWwyZHZmmZkNhCXgL3jxoIhXv8ebf+NskoMmFjQUVd10dwUxZ9q47reztLyyurae28hvbm3v7Bb29utaJorQGpFcqmaANeVM0JphhtNmrCiOAk4bweAm8xtDqjST4t6MYupHuCdYyAg2VmqI0vDx9CTfKRTdsjsBWiTejBQr10+QodopfLW7kiQRFYZwrHXLc2Pjp1gZRjgd59uJpjEmA9yjLUsFjqj208m5Y3RslS4KpbIlDJqovydSHGk9igLbGWHT1/NeJv7ntRITXvkpE3FiqCDTRWHCkZEo+x11maLE8JElmChmb0WkjxUmxiaUheDNv7xI6mdl76J8fmfTeIApcnAIR1ACDy6hArdQhRoQGMAzvMKbEzsvzrvzMW1dcmYzB/AHzucPIF2PnA==</latexit>

n(v! )

¥ J. Solsvik and H. A. Jakobsen (2015) The foundation of the population balance equation: A review, Journal of Dispersion Science and Technology 36:510Ð520. 
¥ D. Ramkrishna (2000) Population balances. Theory and applications to particulate systems in engi- neering, Academic Press San Diego pp. 356. 

Unsteadiness

Transport in 
physical space



¥Spurious numerical diffusion simulating surface growth/loss:

Numerical issues: Surface growth/loss

PURE GROWTH
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Numerical issues: Smoluchowski integrals

¥Computing agglomeration/breakage is also challenging:

- Particle size covers a very large range, up to six orders of magnitude (from nanometer to millimetre): 
Non-uniform meshes are mandatory.

- Every size considered must interact with all the other size, propagating error induced by mesh 
distortion.

¥ A. Liu and S. Rigopoulos. A conservative method for numerical solution of the population balance equation, and application to soot forma- tion. Combust. Flame, 205:506Ð521, 2019. 
¥ I. Pesmazoglou, A. M. Kempf, and S. Navarro- Martinez. Stochastic modelling of particle ag- gregation. International Journal of Multiphase Flow, 80:118 Ð 130, 2016. 
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Error resulting from mesh distorsion propagates over all the 
distributions through the calculation of the Smoluchowski 
integrals



Roadmap

1. Reorganise the population balance equation (PBE) to distinguish between:

(I) Lagrangian transport in size space (surface growth/loss)

(II) Relaxation of the distribution (non-uniform surface growth/loss and negative 
contribution of collision integrals)

(III)Source/Sink (Nucleation and positive contribution of collision integrals)

2. Get from this decomposition a semi-analytical solution of the PBE for iteration in time.

3. Introduce a high-order modal approximation of the distribution in size:

- Accurately interpolate the root of the characteristics for Lagrangian transport;

- High-order quadrature for collision integrals.

4. Test against exact analytical solutions.
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Reorganise the population balance equation (homogeneous in space to begin with)
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Relaxation rate of the particle density "
Non-uniform growth/loss and negative contribution of collision integrals

Nucleation and positive contribution of collision integrals
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¥Semi-analytical solution:
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High-order polynomial interpolation of the PSD: In the following 5th order is used.
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<latexit sha1_base64="/bHvJdtU24ue5Q2Q7l+8FH6RqmM=">AAAB73icbVDLSgNBEOyNrxhfUU/iZTAIXgy7KupFCHjxGCEvSZYwOzubDJmdXWdmxbDkJ7x4UMSrP+IHeBP8Cf/AyeOgiQUNRVU33V1ezJnStv1pZebmFxaXssu5ldW19Y385lZNRYkktEoiHsmGhxXlTNCqZprTRiwpDj1O617vcujX76hULBIV3Y+pG+KOYAEjWBup0bpn6AIdOu18wS7aI6BZ4kxIoXT8/b5T8b/K7fxHy49IElKhCcdKNR071m6KpWaE00GulSgaY9LDHdo0VOCQKjcd3TtA+0bxURBJU0Kjkfp7IsWhUv3QM50h1l017Q3F/7xmooNzN2UiTjQVZLwoSDjSERo+j3wmKdG8bwgmkplbEeliiYk2EeVMCM70y7OkdlR0Tosn1yaNGxgjC7uwBwfgwBmU4ArKUAUCHB7gCZ6tW+vRerFex60ZazKzDX9gvf0Amr2S1Q==</latexit>

! = ! 1
<latexit sha1_base64="aNjjXANusgQSbv2nOzTiUDknMMY=">AAAB73icbVDLSgNBEOyNrxhfUU/iZTAIghB2VdSLEPDiMUJekixhdnY2GTI7u87MimHJT3jxoIhXf8QP8Cb4E/6Bk8dBEwsaiqpuuru8mDOlbfvTyszNLywuZZdzK6tr6xv5za2aihJJaJVEPJINDyvKmaBVzTSnjVhSHHqc1r3e5dCv31GpWCQquh9TN8QdwQJGsDZSo3XP0AU6dNr5gl20R0CzxJmQQun4+32n4n+V2/mPlh+RJKRCE46Vajp2rN0US80Ip4NcK1E0xqSHO7RpqMAhVW46uneA9o3ioyCSpoRGI/X3RIpDpfqhZzpDrLtq2huK/3nNRAfnbspEnGgqyHhRkHCkIzR8HvlMUqJ53xBMJDO3ItLFEhNtIsqZEJzpl2dJ7ajonBZPrk0aNzBGFnZhDw7AgTMowRWUoQoEODzAEzxbt9aj9WK9jlsz1mRmG/7AevsBl7OS0w==</latexit>

! = +1

<latexit sha1_base64="vDrnX61VtCXmqbBKbuHpgePmQUs=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgY7gTUTsDNpYRzYckZ9jb7CVL9naP3b1AOPITbCwUsfUX2dn5U9xcUmjig4HHezPMzAtizrRx3S8nt7S8srqWXy9sbG5t7xR39+paJorQGpFcqmaANeVM0JphhtNmrCiOAk4bweB64jeGVGkmxb0ZxdSPcE+wkBFsrHQ3fDzpFEtu2c2AFok3I6Wrb8hQ7RQ/211JkogKQzjWuuW5sfFTrAwjnI4L7UTTGJMB7tGWpQJHVPtpduoYHVmli0KpbAmDMvX3RIojrUdRYDsjbPp63puI/3mtxISXfspEnBgqyHRRmHBkJJr8jbpMUWL4yBJMFLO3ItLHChNj0ynYELz5lxdJ/bTsnZfPbt1S5WGaBuThAA7hGDy4gArcQBVqQKAHT/ACrw53np03533amnNmM/vwB87HD477jtQ=</latexit>

v!

<latexit sha1_base64="w7369esu7y82xxhBwYVoA5VFDBo=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiCIYJgRN/AS8OIxgtlIxtDT6SRNunuG7p5AGPIVXjwo4tV/8CT+gDf/xs5y0MQHBY/3qqiqF0ScaeO6305qYXFpeSW9mllb39jcym7vlHUYK0JLJOShqgZYU84kLRlmOK1GimIRcFoJetcjv9KnSrNQ3plBRH2BO5K1GcHGSrX+fcKOvWHzrJnNuXl3DDRPvCnJFa6Oko/P981iM/vVaIUkFlQawrHWdc+NjJ9gZRjhdJhpxJpGmPRwh9YtlVhQ7Sfjg4fowCot1A6VLWnQWP09kWCh9UAEtlNg09Wz3kj8z6vHpn3pJ0xGsaGSTBa1Y45MiEbfoxZTlBg+sAQTxeytiHSxwsTYjDI2BG/25XlSPsl75/nTW5tGDSZIwx7swyF4cAEFuIEilICAgAd4gmdHOY/Oi/M6aU0505ld+APn7QfYbJOK</latexit>

vi ! 1
5

<latexit sha1_base64="BpRr8uO9vAsySLYSxLGv60NBCQ0="></latexit>

n(! ! , t) =
p!

k=0

" i
k (t)Pk (! ! )

<latexit sha1_base64="69WCjDH92W5zyh9awcy5hUijrQc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXxAdeAl48RjAPSZYwO5lNxszOLDOzgbAE/AQvHhTx6v9482+cTTxoYkFDUdVNd1cQc6aN6345uaXlldW1/HphY3Nre6e4u9fQMlGE1onkUrUCrClngtYNM5y2YkVxFHDaDIbXmd8cUaWZFHdmHFM/wn3BQkawsVJDlEdX5rhbLLkVdwq0SLwfUqpePkKGWrf42elJkkRUGMKx1m3PjY2fYmUY4XRS6CSaxpgMcZ+2LRU4otpPp9dO0JFVeiiUypYwaKr+nkhxpPU4CmxnhM1Az3uZ+J/XTkx44adMxImhgswWhQlHRqLsddRjihLDx5Zgopi9FZEBVpgYG1DBhuDNv7xIGicV76xyemvTuIcZ8nAAh1AGD86hCjdQgzoQeIAneIFXRzrPzpvzPmvNOT8z+/AHzsc3JaqPrw==</latexit>

n(v; t)

<latexit sha1_base64="BOVrK59oZo3KbzrgLAw7VB5GIUM=">AAACDnicbVC7TgJBFL2LL8QXamkzkZBgAe4Sn4UJiY0lJvIwsGxmh0EmzD4yM0skhMTexl+xsdAYW2s7/8ZZoFDwJJM5c869uXOPG3ImlWl+G4mFxaXlleRqam19Y3Mrvb1TlUEkCK2QgAei7mJJOfNpRTHFaT0UFHsupzW3dxn7tT4VkgX+jRqE1Pbwnc86jGClJSedbd6zVh5doGKu38rn+y3mmAeHufg+nr5Q3nLSGbNgjoHmiTUlmdL5A8QoO+mvZjsgkUd9RTiWsmGZobKHWChGOB2lmpGkISY9fEcbmvrYo9IejtcZoaxW2qgTCH18hcbq744h9qQceK6u9LDqylkvFv/zGpHqnNlD5oeRoj6ZDOpEHKkAxdmgNhOUKD7QBBPB9F8R6WKBidIJpnQI1uzK86RaLFgnhaNrncYtTJCEPdiHHFhwCiW4gjJUgMAjPMMrvBlPxovxbnxMShPGtGcX/sD4/AH3dZm8</latexit>

! ! = 2( v! ! vi
0)/ (vi

5 ! vi
0) ! 1

¥ Inside every section of size, the PSD is decomposed in a 
basis Legendre functions used for interpolating the 
solution at Gauss-Lobatto quadrature points

Normalised element in every section

<latexit sha1_base64="nr/JvM/N18Y3DGkdLxBI2ecIUEo="></latexit>

n(vi
j ; t) =

p= n L ! 1!

k=0

! i
k (t)Pk (" j (vi

j ))
Modes

Legendre 
functions

¥The PSD at the root of the characteristics is 
interpolated at high-order:

<latexit sha1_base64="M5fh35fQ7PnrgJ5QSNVHW42zP2U="></latexit>

n(v ! G(v)! t; t) =
p= n L ! 1!

k=0

" i
k (t)Pk (#j (v ! G(v)! t))

<latexit sha1_base64="P+Ur40PeJLhUC8i4q1DPC9xrHrg="></latexit>

v i
j ! v0

0!

v0
0

! (vi
j ! v! , v! )n(vi

j ! v! ; t)n(v! ; t)dv! =

<latexit sha1_base64="wELCFTZTX+V+zxakcm1mFI+vxMw="></latexit>

vN ! 1
n L ! 1!

v0
0

! (vi
j , v! )n(v! ; t)dv! =

N ! 1"

k=0

n L ! 1"

"=0

! (vi
j , vk

" )n(vk
" ; t)" "k

<latexit sha1_base64="NwgV/XQlrZQzZdzyqmyradS+EyI="></latexit>

i!

k=0

n L ! 1!

! =0
v k

! " v i
j ! v0

0

! (vi
j ! vk

! , vk
! )n(vi

j ! vk
! ; t)n(vk

! ; t)" ! k

Quadrature weights

¥Collisions integrals are computed from high-order 
quadrature:

<latexit sha1_base64="qufPxTtHk0rCZOqZd2paYjuhvMY="></latexit>

! i
k (t) =

p!

j =0

[Pk (" j )]! 1 n(" j (vi
j ); t)
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¥3 decades: 0.067 < v < 200

¥40 sections

¥Exponential grid: 

t = 0
<latexit sha1_base64="1BKSSA1VHAKyVrI5UtHC31oOlpk=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAYhORh2RXwchIAXjxHMQ5IlzE5mkyGzs8vMbDCGgP/hxYMiXv0Ub/6Ns0kOmljQUFR1093lx5wp7Tjf1tLyyuraemYju7m1vZOzd/dqKkokoVUS8Ug2fKwoZ4JWNdOcNmJJcehzWvf716lfH1CpWCTu9DCmXoi7ggWMYG2ktp0ThUERXaEWfYgLx4Ni2847JWcCtEjcGcmXL58gRaVtf7U6EUlCKjThWKmm68TaG2GpGeF0nG0lisaY9HGXNg0VOKTKG00OH6Mjo3RQEElTQqOJ+ntihEOlhqFvOkOse2reS8X/vGaigwtvxEScaCrIdFGQcKQjlKaAOkxSovnQEEwkM7ci0sMSE22yypoQ3PmXF0ntpOSelU5vTRr3MEUGDuAQCuDCOZThBipQBQIJPMMrvFmP1ov1bn1MW5es2cw+/IH1+QOtaJKl</latexit>

n(v) = exp( ! v)

Agglomeration: Golovin sum collision kernel
<latexit sha1_base64="nAQ4+gYNll2ohDnIzvYXqVDpC24=">AAACBXicbVBLS0JBFD7XXmYvq2UthiQwCrk3osciENq0NMhHqMnccdTBuQ9mzhVEhGjTX2nTooi2/Yd2/ZvmqovSPjjwzfedw5zzuaEUGm3720rMzS8sLiWXUyura+sb6c2tkg4ixXiRBTJQFZdqLoXPiyhQ8kqoOPVcyctu9yr2yz2utAj8W+yHvO7Rti9aglE0UiO9W3M50mzvqHdf00jVAbkkvcPJo5HO2Dl7BDJLnAnJ5C8eIEahkf6qNQMWedxHJqnWVccOsT6gCgWTfJiqRZqHlHVpm1cN9anHdX0wumJI9o3SJK1AmfKRjNTfEwPqad33XNPpUezoaS8W//OqEbbO6wPhhxFyn40/akWSYEDiSEhTKM5Q9g2hTAmzK2EdqihDE1zKhOBMnzxLSsc55zR3cmPSuIMxkrADe5AFB84gD9dQgCIweIRneIU368l6sd6tj3FrwprMbMMfWJ8/YwWYtQ==</latexit>

! (v, v! ) = v + v!

<latexit sha1_base64="m6+3AYC0uOn/6ubU7cRB8iHw2Wc="></latexit>

n(v; t) =
!

1 ! !
! 1/ 2

"
exp (! v(! + 1))

v
I 1

#
2v! 1/ 2

$

<latexit sha1_base64="IbeQFwNJVy5gvEfeD7RIYtMjQZY=">AAAB/nicbVDJSgNBEK2JW4zbqHjy0hgEPRhmRFwOQsCLxwjGhSSEnk4ladKz0F0jhkHwV7x4UMSr3+HNv7GzHDT6oODxXhVV9YJESUOe9+XkpqZnZufy84WFxaXlFXd17crEqRZYFbGK9U3ADSoZYZUkKbxJNPIwUHgd9M4G/vUdaiPj6JL6CTZC3olkWwpOVmq6G3XqInF2yny2x+p4n+zs0W7TLXolbwj2l/hjUiyfPMIAlab7WW/FIg0xIqG4MTXfS6iRcU1SKHwo1FODCRc93sGapREP0TSy4fkPbNsqLdaOta2I2FD9OZHx0Jh+GNjOkFPXTHoD8T+vllL7uJHJKEkJIzFa1E4Vo5gNsmAtqVGQ6lvChZb2Via6XHNBNrGCDcGffPkvudov+Yelgwubxi2MkIdN2IId8OEIynAOFaiCgAye4AVenUfn2Xlz3ketOWc8sw6/4Hx8A3yrlLo=</latexit>

! = 1 ! exp(! t)
I1 is the modiÞed Bessel function of the 
Þrst kind of order unity

<latexit sha1_base64="nqaGeoaWLE/uhzx9aTttRKqhwVU="></latexit>

vi
0 = 10 ! 3

!
1 +

1 ! ! i

1 ! !

"

<latexit sha1_base64="az0etRV5IqQAQUqAmOctxsr015o=">AAAB9HicdVDLSgMxFL3js9ZX1aWbYBFcDTNF+liIBTcuK9iHtEPJpGkbmsmMSaZQhn6HGxeKuPVj3LnzU8xMFVT0QOBwzrncm+NHnCntOG/W0vLK6tp6biO/ubW9s1vY22+pMJaENknIQ9nxsaKcCdrUTHPaiSTFgc9p259cpH57SqViobjWs4h6AR4JNmQEayN5PcyjMUZnyLXdSr9QdGzHoFxGKXGrjmtIrVYtlWom4WQonr9Dhka/8NobhCQOqNCEY6W6rhNpL8FSM8LpPN+LFY0wmeAR7RoqcECVl2RHz9GxUQZoGErzhEaZ+n0iwYFSs8A3yQDrsfrtpeJfXjfWw6qXMBHFmgqyWDSMOdIhShtAAyYp0XxmCCaSmVsRGWOJiTY95U0JXz9F/5NWyXbL9umVU6zfLNqAHBzCEZyACxWowyU0oAkEbuEOHuDRmlr31pP1vIguWZ8zB/AD1ssHcumSGg==</latexit>

! = 1 .17

¥ William T. Scott. Analytic studies of cloud droplet coalescence I. Journal of the Atmo- spheric Sciences, 25(1):54Ð65, 1968. 

Line: Simulation 
Symbol: Analytical solution



Surface growth loss
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Agglomeration and surface growth
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Moments error Present Sectional 2-point

M1 0.97% 5.4

M2 1.55% 48783#%

M3 1.81#% Ñ

<latexit sha1_base64="JrHrZkJNdyJCK+YFZvQ00ObJyJM=">AAAB/3icbVDNSgMxGMxWq7X+VQUvggSLUC9lV0S9CAUvXoQKbltpa8lms21okl2SbKGsPXjwRbz0oIhXX8ObDyOY/hy0dSAwzHwf32S8iFGlbfvLSi0sppeWMyvZ1bX1jc3c1nZFhbHExMUhC2XNQ4owKoirqWakFkmCuMdI1etejvxqj0hFQ3Gr+xFpctQWNKAYaSO1crvXLQ4vYIMKDXv3HIpC7wj6vVYubxftMeA8caYkX3KHzv7Td7rcyn02/BDHnAiNGVKq7tiRbiZIaooZGWQbsSIRwl3UJnVDBeJENZNx/gE8NIoPg1CaZ3KM1d8bCeJK9blnJjnSHTXrjcT/vHqsg/NmQkUUayLw5FAQM6hDOCoD+lQSrFnfEIQlNVkh7iCJsDaVZU0JzuyX50nluOicFk9uTBt3YIIM2AMHoAAccAZK4AqUgQsweADP4AW8Wo/W0Hqz3iejKWu6swP+wPr4AaNol6I=</latexit>

M m =
!

vm n(v)dv

<latexit sha1_base64="MZPaCwaTjKR/uWtywoGcIjwUhLw=">AAAB8nicbVDLSsNAFJ3UV62vqitxM1gEVyFRUTdCwY3LCn1JGspkMmmHTjJh5kYooZ/hxoUibv0OP8Cd4E/4B05bF9p64MLhnHu5954gFVyD43xYhYXFpeWV4mppbX1jc6u8vdPUMlOUNagUUrUDopngCWsAB8HaqWIkDgRrBYOrsd+6Y0pzmdRhmDI/Jr2ER5wSMJLXCRgQfIkd2+2WK47tTIDniftDKtWTr7e9evhZ65bfO6GkWcwSoIJo7blOCn5OFHAq2KjUyTRLCR2QHvMMTUjMtJ9PTh7hQ6OEOJLKVAJ4ov6eyEms9TAOTGdMoK9nvbH4n+dlEF34OU/SDFhCp4uiTGCQePw/DrliFMTQEEIVN7di2ieKUDAplUwI7uzL86R5bLtn9umNSeMWTVFE++gAHSEXnaMqukY11EAUSXSPHtGTBdaD9Wy9TFsL1s/MLvoD6/UbeIiT3w==</latexit>

! = 0 .1

<latexit sha1_base64="MZPaCwaTjKR/uWtywoGcIjwUhLw=">AAAB8nicbVDLSsNAFJ3UV62vqitxM1gEVyFRUTdCwY3LCn1JGspkMmmHTjJh5kYooZ/hxoUibv0OP8Cd4E/4B05bF9p64MLhnHu5954gFVyD43xYhYXFpeWV4mppbX1jc6u8vdPUMlOUNagUUrUDopngCWsAB8HaqWIkDgRrBYOrsd+6Y0pzmdRhmDI/Jr2ER5wSMJLXCRgQfIkd2+2WK47tTIDniftDKtWTr7e9evhZ65bfO6GkWcwSoIJo7blOCn5OFHAq2KjUyTRLCR2QHvMMTUjMtJ9PTh7hQ6OEOJLKVAJ4ov6eyEms9TAOTGdMoK9nvbH4n+dlEF34OU/SDFhCp4uiTGCQePw/DrliFMTQEEIVN7di2ieKUDAplUwI7uzL86R5bLtn9umNSeMWTVFE++gAHSEXnaMqukY11EAUSXSPHtGTBdaD9Wy9TFsL1s/MLvoD6/UbeIiT3w==</latexit>

! = 0 .1

<latexit sha1_base64="ORE3wTKA7bFTjU7judqvV0kViwQ=">AAAB8HicbVDLSgNBEOyNrxhfUU/iZTAInsKuinoRAl48RsiTZAmzs5NkyMzsMjMrhCVf4cWDIl79ED/Am+BP+AdOHgdNLGgoqrrp7gpizrRx3U8ns7S8srqWXc9tbG5t7+R392o6ShShVRLxSDUCrClnklYNM5w2YkWxCDitB4ObsV+/p0qzSFbMMKa+wD3JuoxgY6VmO6AGo2vkdfIFt+hOgBaJNyOF0tn3+0El/Cp38h/tMCKJoNIQjrVueW5s/BQrwwino1w70TTGZIB7tGWpxIJqP50cPELHVglRN1K2pEET9fdEioXWQxHYToFNX897Y/E/r5WY7pWfMhknhkoyXdRNODIRGn+PQqYoMXxoCSaK2VsR6WOFibEZ5WwI3vzLi6R2WvQuiud3No0mTJGFQziCE/DgEkpwC2WoAgEBD/AEz45yHp0X53XamnFmM/vwB87bD5qfk20=</latexit>

! = 1

<latexit sha1_base64="ORE3wTKA7bFTjU7judqvV0kViwQ=">AAAB8HicbVDLSgNBEOyNrxhfUU/iZTAInsKuinoRAl48RsiTZAmzs5NkyMzsMjMrhCVf4cWDIl79ED/Am+BP+AdOHgdNLGgoqrrp7gpizrRx3U8ns7S8srqWXc9tbG5t7+R392o6ShShVRLxSDUCrClnklYNM5w2YkWxCDitB4ObsV+/p0qzSFbMMKa+wD3JuoxgY6VmO6AGo2vkdfIFt+hOgBaJNyOF0tn3+0El/Cp38h/tMCKJoNIQjrVueW5s/BQrwwino1w70TTGZIB7tGWpxIJqP50cPELHVglRN1K2pEET9fdEioXWQxHYToFNX897Y/E/r5WY7pWfMhknhkoyXdRNODIRGn+PQqYoMXxoCSaK2VsR6WOFibEZ5WwI3vzLi6R2WvQuiud3No0mTJGFQziCE/DgEkpwC2WoAgEBD/AEz45yHp0X53XamnFmM/vwB87bD5qfk20=</latexit>

! = 1
Initial

Initial

¥8 decades of size: 0.001< v < 100000

¥40 sections

¥Geometrical grid: 
<latexit sha1_base64="C+cOy//kqc+0LK7eY1GDIoLhbVU=">AAAB/HicdVDLSgMxFM1Uq7W+Rrt0EyyCG0umSJ0ulIIgLivYh/RFJk3b0ExmSDKFYai/4saFIm5d+w3u/BvTVkFFD4ScnHMv9+Z4IWdKI/RupZaW0yurmbXs+sbm1ra9s1tXQSQJrZGAB7LpYUU5E7Smmea0GUqKfY/Thjc+n/mNCZWKBeJaxyHt+Hgo2IARrI3Us3OTLusheAonXWTui54ybzuPCsigVIIz4rjIMaRcdovFMnTmFkL5Stl9TZ8dedWe/dbuByTyqdCEY6VaDgp1J8FSM8LpNNuOFA0xGeMhbRkqsE9VJ5kvP4UHRunDQSDNERrO1e8dCfaVin3PVPpYj9Rvbyb+5bUiPXA7CRNhpKkgi0GDiEMdwFkSsM8kJZrHhmAimdkVkhGWmGiTV9aE8PVT+D+pFwtOqXB8ZdK4AQtkwB7YB4fAASegAi5BFdQAATG4Aw/g0bq17q0n63lRmrI+e3LgB6yXD8H3leA=</latexit>

vi
0 = v0

0F i
s

<latexit sha1_base64="LqHUekJXc4bKyCp8AIvnsrG9lO4="></latexit>

v0
0 = 10 ! 3 and Fs = 1 .7

<latexit sha1_base64="60+ObA7IGDs643EOooJWHaFm3dg="></latexit>

n(v; t) =
4

(2 + ! t)2 exp
!

!
2v exp(! t)

2 + ! t
! t

"

¥ T. E. Ramabhadran, T. W. Peterson, and J. H. Seinfeld. Dynamics of aerosol coagulation and condensation. AIChE Journal, 22(5):840Ð851, 1976.

Line: Simulation 
Symbol: Analytical solution



Nucleation, surface growth and agglomeration: Towards bi-modal distribution
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G(v) = 1 .2v
<latexit sha1_base64="yvCajCEQC4otRiQ/97P9Cabai68=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyUR8bEQCm5cVrAPaUOYTCft0MkkzEwKJRT8EDcuFHHrn7jzb5y0XWjrgQuHc+6dufcECWdKO863VVhZXVvfKG6WtrZ3dvfs/YOmilNJaIPEPJbtACvKmaANzTSn7URSHAWctoLhbe63RlQqFosHPU6oF+G+YCEjWBvJt+1uL9ZogCoj3zlFN8j17bJTdaZAy8Sdk3Lt+gly1H37yzxB0ogKTThWquM6ifYyLDUjnE5K3VTRBJMh7tOOoQJHVHnZdPMJOjFKD4WxNCU0mqq/JzIcKTWOAtMZYT1Qi14u/ud1Uh1eeRkTSaqpILOPwpQjHaM8BtRjkhLNx4ZgIpnZFZEBlphoE1bJhOAunrxMmmdV96J6fm/SeIQZinAEx1ABFy6hBndQhwYQGMEzvMKblVkv1rv1MWstWPOZQ/gD6/MH2kqSrw==</latexit>

úh(v0) = 1
<latexit sha1_base64="X9La2P5BymEXY98MfXN5eXBMOJo=">AAACCnicbVDJSgNBEK2JW4xb1KOX1iBElDAjrgch4MVjBLNIEkNPp5M06VnorgmEEPDmxV/x4kERr36BN//GziJo4oOCx3tVVNVzQyk02vaXFZuZnZtfiC8mlpZXVteS6xsFHUSK8TwLZKBKLtVcCp/nUaDkpVBx6rmSF9325cAvdrjSIvBvsBvyqkebvmgIRtFIteR2xeVI052Dzl1FI1V75II4meN0Z/9HqCVTdsYegkwTZ0xS2fN7GCBXS35W6gGLPO4jk1TrsmOHWO1RhYJJ3k9UIs1Dytq0ycuG+tTjutobvtInu0apk0agTPlIhurviR71tO56run0KLb0pDcQ//PKETbOqj3hhxFyn40WNSJJMCCDXEhdKM5Qdg2hTAlzK2EtqihDk17ChOBMvjxNCocZ5yRzdG3SuIUR4rAFO5AGB04hC1eQgzwweIAneIFX69F6tt6s91FrzBrPbMIfWB/fpAmZzA==</latexit>

! (v, v! ) = 1 .5(v + v! )

¥5 decades of sizes 0.01 < v < 1000

¥40 sections

¥Exponential grid: 
<latexit sha1_base64="nqaGeoaWLE/uhzx9aTttRKqhwVU="></latexit>

vi
0 = 10 ! 3

!
1 +

1 ! ! i

1 ! !

"

<latexit sha1_base64="TNXM8/C1ccy0yd8NAMqmbW9BZAE=">AAAB9HicdVBNSwMxFHxbv2r9qnr0EiyCp2W3aG0PYsGLxwrWVtqlZNO0Dc1m1yRbKEt/hxcPinj1x3jz5k8xu1VQ0YHAMDOP9zJ+xJnSjvNm5RYWl5ZX8quFtfWNza3i9s61CmNJaJOEPJRtHyvKmaBNzTSn7UhSHPictvzxeeq3JlQqFoorPY2oF+ChYANGsDaS18U8GmF0ilzbPe4VS47tGFQqKCVu1XENqdWq5XLNJJwMpbN3yNDoFV+7/ZDEARWacKxUx3Ui7SVYakY4nRW6saIRJmM8pB1DBQ6o8pLs6Bk6MEofDUJpntAoU79PJDhQahr4JhlgPVK/vVT8y+vEelD1EiaiWFNB5osGMUc6RGkDqM8kJZpPDcFEMnMrIiMsMdGmp4Ip4eun6H9yXbbdin106ZTqN/M2IA97sA+H4MIJ1OECGtAEArdwBw/waE2se+vJep5Hc9bnzC78gPXyAW/hkhg=</latexit>

! = 1 .15



Coupling with ßow solution

¥Once the PBE solved in size-space, transport with the ßow only the information averaged over the 
sections:

<latexit sha1_base64="kWJZ/66++FgBbJlfco9roujqO2c="></latexit>

N i (x, t) =

v i
n L ! 1!

v i
0

n(v; x, t)dv =
vi

n L ! 1 ! vi
0

2

n L ! 1"

! =0

n(vi
! ; x, t)w!

¥ L. Vervisch, G. Lodato, P. Domingo (in press) High-order polynomial approximations for solving non-inertial particle size density in flames, Proc. Combust. Inst.



¥Partie 3 : Apprentissage machine pour rŽsoudre lÕŽquation de PBE
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¥ Machine Ñ supervised Ñ learning (ANN):  For a set of Þxed values of the control 
parameters, a neural network is built and optimised (trained) to approximate a given set of 
outputs values.

¥ Deep learning (CNN): Operations are applied to a database (mostly Þltering and max 
pooling) to extract features associated to control parameters. Neural networks are trained to 
recognise these features, which are associated to output values.

Oi = f

!

" wo +
n#

j =1

wij x j

$

%

<latexit sha1_base64="ZtKZeLwjP4fZ2Ji6SsrRj0+NCdQ="></latexit>

Input
Activation 
function

Output of i-th 
neuron

weightbiais

Apprentissage machine ?



Machine learning ?

¥ Les rŽseaux de neurones sont utilisŽs pour construire des sous-mod•les dans les 
probl•mes multi-Žchelles : 

M (x, t) = F [" (x1, t), á á á, " (xN , t)]

Modeled term 
(unknown on the coarse mesh)

Known on the coarse mesh
ANN

! Entrainement du rŽseau : 

! Base de donnŽes o• toutes les Žchelles sont rŽsolues.

! Syst•me diffŽrentiel reprŽsentatif des Žchelles non-rŽsolues (PINN).

¥ Les rŽseaux de neurones sont utilisŽs pour remplacer la rŽsolution dÕun syst•me 
dÕEDP (le sous-mod•le) bien connu, mais trop cožteux en temps CPU

! Permet dÕintroduire des descriptions afÞnŽes de la physicochimie dans des 
gŽomŽtries complexesÉ



¥ Study chemistry under aerothermochemical conditions representative of the studied burner:
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¥ ¥¥
¥ ¥ ¥

¥

¥

gases

¥¥
¥ ¥ ¥

¥
¥

¥ ¥ ¥¥

Fuel
Liquid jet fuel

¥
¥

¥ ¥
¥

¥
¥

¥

¥
¥¥

¥
¥ ¥

¥

¥

¥

¥ ¥

¥
¥ ¥

¥

Oxidiser

Air

ORCh Ñ Reducing chemistry & A.I. training under realistic conditions
https://orch.coria-cfd.fr

! Set of stochastic particles undergoing turbulent mixing and reaction

! Soot PBE solving for every particle

! Characteristic mixing time distribution versus residence time from CFD

! Euclidian Minimum Spanning Tree mixing modeling

<latexit sha1_base64="d/jna9Ans7wAIEM0sp1aDI7jZ3k="></latexit>

dYk
i

dt
= (MIX) k + ú! k

i
<latexit sha1_base64="RVUCVPK9+of5OISs47OAeDvVics=">AAAB+nicdVDLSgMxFM3UV62vVlfiJlgEF6UkFW27EApuXEmFvqQtJZNJ29DMgySjlLGf4saFIm79Bj/AneBP+AdmWgUVPRA4nHMu9+bYgeBKI/RqJebmFxaXksupldW19Y10ZrOh/FBSVqe+8GXLJooJ7rG65lqwViAZcW3BmvboJPabl0wq7ns1PQ5Y1yUDj/c5JdpIvXRmBI8hznWo42uVg2e9ai+dRXmEEMYYxgQXj5Ah5XKpgEsQx5ZBtnLw/rxdc95M/qXj+DR0maepIEq1MQp0NyJScyrYJNUJFQsIHZEBaxvqEZepbjQ9fQL3jOLAvi/N8zScqt8nIuIqNXZtk3SJHqrfXiz+5bVD3S91I+4FoWYenS3qhwJqH8Y9QIdLRrUYG0Ko5OZWSIdEEqpNWylTwtdP4f+kUcjjwzw6N21cgBmSYAfsgn2AQRFUwCmogjqg4ArcgDtwb11bt9aD9TiLJqzPmS3wA9bTBzpoloA=</latexit>

k = 1 , á á á, NP
<latexit sha1_base64="FzOm+QjskI58priaYXKRxKIY/X0="></latexit>

! n(v; t)
! t

+ G(v; t)
! n(v; t)

! v
= ! úb(v; t)n(v; t) + úc(v; t)
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keep in mind 5 previous time steps
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! (x, t) =

C16H10(x,t)

C2H2(x,t)

OH(x,t)

O2(x,t)

T(x,t)

Thermochemical !
variables
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Concatenation
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120 neurons

60 neurons

10 neurons

60 neurons 60 neurons

15 layers of 
convolutional  Þlters 
with a dropout rate of 
10%

Dense layer !
(non-linear activation function)

Dense layer !
(non-linear activation function)

A. Seltz, P. Domingo, L. Vervisch (2021) Solving the population balance equation for non-inertial particles dynamics using PDF and neural networks: Application to a sooting ßame, 
Phys. Fluids. 33, 013311.

CPU gain factor

Neural network 10 sections 
(Trained with the 30 section ref. sol)

6.05

CPU gain compared to two-point sectional method

ANN CNN

Thermochemical  
variables at Õt'

Particle size 
distribution at Õt' 
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Neural networks 
concatenation

Keep 5 iterations in memory"
(Long Short Term Memory 

neural networks)

Thermochemical 
variables and 

PSD at Ôt+delta tÕ

INPUT INPUT

Machine learning to mitigate CPU cost

¥Train a neural network for solving PBE
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DNS of combustion and Machine Learning: chemistry reduction

K. Wan, C. Barnaud, L. Vervisch, P. Domingo, Machine learning for detailed chemistry reduction in DNS of a syngas turbulent oxy-ßame with side wall effects, Proci 2020

Simulate the 3D syngas oxy-ßame with side-wall effects: CNN versus ANN, a posteriori tests

A posteriori 
test of the 
CNN on DNS

! Storing the species increments, the neural networks reduces 
and pre-integrate the stiff chemical systems.

! 25 faster than detailed chemistry.
! 3 times faster than the reduced scheme for the same number 

of species.
! Model assessment with DNS excludes the risk of multiple 

interferences between numerics and sub-grid scale models, 
which could potentially interact with the method under 
evaluation.
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Results: PSD prediction compared against reference Monte Carlo

¥ A. Bouaniche, J. Yon, P. Domingo, and L. Vervisch, ÒAnalysis of the soot particle size 
distribution in a laminar premixed ßame: A hybrid stochastic/Þxed-sectional approach,Ó Flow 
Turbulence and Combust. 104, 753Ð775 (2020).

¥ A. Seltz, P. Domingo, L. Vervisch (2021) Solving the population balance equation for non-
inertial particles dynamics using PDF and neural networks: Application to a sooting ßame, 
Phys. Fluids. 33, 013311.

¥ Measurements: B. Zhao, Z. Yang, M.V. Johnston, H. Wang, A.S. Wexler, 
M. Balthasar, M. Kraft (2003) ÒMeasurement and numerical simulation of 
soot particle size distribution functions in laminar premixed ethylene-
oxygen-argon ßame, Combust. Flame 133(1): 173-188.
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Experiment LES

Total mean soot density [mg/cm 3] 1.15e-6 1.57e-6

Mean soot density of the mean diameter [1/cm 3] 1.26+7 2.43e+7

Application to a combustion chamber
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The environmental cost of supercomputing

The estimation of the carbon footprint is inßuenced by numerous parameters: "
- CPU time used,"
- Type of processors,"
- Mesh size and complexity of the thermochemical model ( Keil et al 2021 )"
- Overhead of the computational facility; "
- How the electricity was produced (hydropower or coal?) "
- É

F. B. Keil, M. Amzehnhoff, U. Ahmed, N. Chakraborty, M. Klein, Comparison of ßame propagation statistics extracted from direct numerical simulation based on simple and detailed chemistry- part 1: Fundamental ßame 
turbulence interaction, Energies (2021). 

L.Lannelongue, J.Grealey, M. Inouye, Green algorithms: Quantifying the carbon footprint of computation, Advance Sciences 8 (12) (2021).  

How green are your computations? http://www.green-algorithms.org (2021).  

F.Berthoud, et al, Estimation de lÕempreinte carbone dÕune heure.coeur de calcul., Tech. rep., INRIA (2020).  

Using Lannelongue et al (2021) and their web-tool: 
2 billions of mesh cells / 1 week on 10 000 cores / low-Mach solver and tabulated chemistry/ location: France/ 
Type of processor: Xeon platinum 9282 
                  776 kg of CO2 = 6 000 km in a passenger car = 70 years of sequestration by a tree

Less optimistic estimation including the manufacturing of the computer, the storage, the manpower necessary to run the center:

In France: 5000 kg of CO2 ~ 500 years of sequestration by a tree (Berthoud et al 2020 ). 

CO2 emission/year by a European citizen: ~ 6 100 kg 

Target to mitigate climate change: ~ 1 400 kg / human

!  If the location is changed to Vancouver: 225 kg of CO2  
!  If coal is used to generate electricity: 11 000 kg of CO2 = 1 000 years of sequestration by a tree



¥Partie IV : From HPC to mobile computing for process control
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SNCR control (selective non-catalytic NOx reduction)

Germany

!"#$"%&'()&

Combustion zone
Three burners

Injection zone
Water & Efßuents

NO production

Injection zone
Urea-> Ammonia

SNCR DeNOx
Mixing & Reaction

France



¥The challenge is the accurate control of the temperature 
ßuctuations, within the furnace featuring multiple gaseous 
and liquid injections.
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Analysis of a DeNOx process
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Farcy et al. (2014) Fuel, 118: 291-299.



Analysis of a DeNOx process
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Q-criterion colored by 
Temperature RMS

Nitric spray

Ammonia spray
Water spray

¥ Multicomponent spray evaporation + DeNOx

LES ("  = 150 µm)



¥ From the simulations, it is seen that the ßow conÞguration can be improved for 
SNCR efÞciency:

! Very strong mixing in the core of the system where spray impact

! Hot gases are left unaffected by water spray cooling

! Pockets of hot gases are convected downstream reduci ng 
DeNOx ef Þciency

Analysis of the DeNOx process

1200 K

> 1200 K

Injection zone

DeNOx SNCR

Downstream



¥ Control loop:

!  +5% of variation of the burner temperature: " T = +100¡K. 

! Adjustment of air injected at stage ÔCÕ and return to nominal.

Reduced-order model for SNCR - Mobile computing
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¥ Farcy et al. (2014) Fuel, 118: 291-299.
¥ Farcy et al. (2016) Chem. Eng. Sci., 139:285-303.
¥ Farcy et al. (2016) AIChE, 62(3): 928-938.
¥ Locci et al. (2018) FTaC, 100(2):301-340.



¥ Control loop:

!  +5% of variation of the burner temperature: " T = +100¡K. 

! Adjustment of air injected at stage ÔCÕ and return to nominal.

Reduced-order model for SNCR - Mobile computing
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HPC to calibrate mobile computing 
application solving PDE useful for 

process control
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